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1. Introduction. Attempts to find algebraic relations over Q for the numbers

™, €(3), €(5), ¢(7), ¢(9), .-+, (1)

are still unsuccessful. Conjecturely, the numbers (1) are algebraically independent
over Q and it looks quite natural and interesting to consider for positive integers

S1,82,...,8 with s;1 > 1 values of the [-fold zeta function

() =Clonsns) = Y o &)
ni>ng>-->n 2l 102 !
since the algebraic structure of the relations between these numbers (in comparison
with a conjectured empty structure for (1)) is fairly rich. The numbers (2) are
called the multiple zeta values (MZVs for brevity), or the multiple harmonic series,
or the Fuler—Zagier numbers. To each (2) we assign, as usual, two characteristics:
the weight (or the degree) |s| := s1 + s2 + -+ - + s, and the length £(s) := .
To decribe known relations (i.e., numerical identities) over Q for the numbers (2),
we introduce the standard coding of multi-indices s by words (monomials in non-

commutative letters) over the alphabet X = {x¢,z1} by the rule

1 1 —1
S Te =y Txy xy...xy T

Then
((zs) :==((s) (3)
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for all convergent words (i.e., the words starting with xy and ending with x1);
respectively, we define the weight (or the degree) |zs| := |s| as the number of
letters and the length ¢(xs) := £(s) as the number of x;’s.

Let Q(X) = Q(xg, z1) be the graded Q-algebra (with xy and 1 both of degree 1)
of polynomials in non-commutative indeterminates; the underlying graded rational
vector space of Q(X) is denoted 9. Let $' = Q1 @ Hz; and H° = Q1 ® zoHx1,
where 1 is a unit (the empty word of weight 0) of the algebra Q(X). Then $?!
can be regarded as a subalgebra of Q(X), in fact the non-commutative polynomial
algebra on generators ys = :1:8_1:131, while $° can be viewed as the graded Q-vector
space spanned by the convergent words. Now, we can think of zeta function as the
Q-linear map ¢: $H° — R defined by the rules ((1) = 1 and (3).

Consider multiplications LLI on $) and * on $' by requiring that they distribute

over addition, that
1Ww=wll=w, lxw=w*x1l=w (4)
for any word w, and that
zjulllrgy = x;(ull xpv) + g (zu LU v),
yiu* ypv = y;(u * yrv) + yr(y;u * v) + Y46 (u * v) (5)

for any words u, v, letters x;, zy or generators y;,yx of 9, respectively. We men-
tion that inductive arguments show the commutativity and the assosiativity of
both multiplications; algebras (§,LLl) and (£, *) can be regarded as graded Hopf

algebras.

Proposition 1. The map ¢ is a homomorphism of ($°,LL1) into R, i.e.,
C(wr LWwa) = ¢(w1)¢(w2) for all wy,wy € H. (6)
Proposition 2. The map ¢ is a homomorphism of ($°, %) into R, i.e.,

C(wy * we) = C(wy)C(w2) for all wy,wy € H°. (7)

Although these results are classical (see, e.g., [H2], [HO|, [W2]), we give an
alternative approach to prove them using a differential-difference origin of multipli-
cations LLJ and * in conformal functional models of the shuffle and stuffle algebras,
respectively; this way is already known for the proof of relations (6). Our ap-
proach can be extended to multiplications generalizing the above ones, called the

quasi-shuffle products in [H3].
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Proposition 3. The map ( satisfies the relations
C(x1 Ww —z1 %xw) =0 for all w € $H° (8)

(in particular, the argument of ¢ in (8) belongs to $°).

Proof. For detailed proof we refer to Derivation Theorem [H1, Theorem 5.1] and

Theorem 4.3 in [HOJ.

All known relations over Q between the multiple zeta values follow from identi-

ties (6)—(8). Thus, the following conjecture from [W1] looks quite verisimilar.

Waldschmidt’s conjecture. All relations between MZVs follow from (6)—(8);
equivalently,

kerCz{uLle—u*v:qu)l, UGfJO}.

2. Shuffle algebra of polylogarithms. To demonstrate relations (6) for MZVs

we introduce a notion of the polylogarithm

. z
LIS(Z) = Z 51 53 s |Z| < 1,
nl 7’1/2 DR nl
ny>ng > >n>1
for each set of positive integers si, ss, ..., s;. Obviously, we obtain
Lig(1) = ((s), seZl, s5>2 s,>1,...,5>1 (9)

As in Section 1 we define the polylogarithm on words x4 setting
Li,, (2) := Lis(2), Liy(2) :=1, (10)
and extend this definition by linearity to the graded algebra $' (not ) since coding

allows only admissible words that means ‘ending with x;’).

Lemma 1. Let w # 1 be any admissible word (i.e., any monomial in H'), x; its

first letter (hence w = x;u for some admissable word uw or u=1). Then

d d

o Liy(2) = e Liy,u(2) = w;(2) Liu(2), (11)
where 1
~ if v = o,
w;(z) = we,; (2) = 1
if vj = x1.

1—2z2
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Proof. Let w = zju = xs for some multi-index s. Then

d d d z™M

= Ty (2) = ~ Lig(2) = ~— -

dz (2) dz (2) dz Z ny'ny? - -n)
ni>ng>--->n;>1

n1—1

Z z
— 81—1 So

. o o Sl ’
ni>ng>-->n;>1 ny L) nl
Therefore, if s1 > 1 (i.e., x; = xg), we obtain
Y I J )
d Lipu(2) 1 zM
dz 0 P z : s1—1 sz S
ny>ng>-->n; =1 ™ 2 ™

1_. 1_.
= ;L181—1,52,...,Sl(2) = ; LIU(Z)J

while in the case s; =1 (i.e., x; = 1)

ni—1 1

d z

— Lig,u(2) = > = Y, !
1U S2 S1 52 51

dz ny? - -my ny? - my

ny>ne>-->n;>1 no>--->n;>1 ni=nzs+1
1 Z z"2 1 1
= = Lis, 5 (2) = —— Li,(2).
1_Z ngZ"'n;l 1_2 27~-~7l() 1_Z ()
ng>--->n;>1

The proof is complete.

Lemma 1 motivates an extended (to the total algebra $)) definition of the poly-
logarithm; namely, we define Li;(2) = 1 and

log® z

1 — S
o it w = xf for some s > 1,

Liy(z) = (12)

z
/ w;(z)Li,(2)dz if w = x;u containts letter x4
0
for any word w € $). Then Lemma 1 remains true for this extended version of poly-

logarithm (the new definition coincides with (10) for admissible words); moreover,

lign+0 Li,(2) =0 if the word w containts letter z;. (13)

It is easy to verify that the ‘new’ polylogarithms are real-valued and continious

functions in the real interval (0, 1).
Lemma 2. The map w +— Li,(2) is a homomorphism of ($,L) into C((0,1); R).

Proof. We must check that

Liw, (1w, (2) = Liy, (2) Liy, (2) for all wy, w2 € 9. (14)
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It is enough to verify relation (14) for words w1, ws € $. We prove (14) by induction
on |wq|+|ws|; if wy =1 or we = 1 relation (14) becomes obvious by (4). Otherwise,
w1 = ;v and we = v, hence by Lemma 1 and the inductive hypothesis we obtain
d . .

(Liw, (2) Liw, (2)) =

z

(Lixju(z) Limkv(z))

d
—— Lig;u(2) - Lig,o(2) + Lig,u(2) - o Liz,»(2)

= wj(2) Liy(2) Lig, o (2) + wr(2) Lig,w(2) Liy(2)

= w;(2) Liu oo (2) + @i (2) Ligju o (2)

d . :

= & (lej(ul_l_lwkv)(z) + lej(:cjuu_lv)(z))
d _.

== & lejul_l_lwkv(z)
d _.

= & Llw1 L1l wa (Z)

Therefore,

Liy, (2) Liy, (2) = Liw, wiw,(2) + C. (15)

If at least one among the words w; and wy contains letter x1, then tending z — 040
by (12), (13) we obtain C = 0; otherwise, the substitution z = 1 gives the same
result C'= 0. Hence equality (15) leads us to the required relation (14).

Proof of Proposition 1. Proposition 1 immediately follows from Lemma 2 by the

use of (9).

H.N. Minh and M. Petitot in [MP] (see also [MPH]) calculated the monodromy
for the differential equations (11) and proved that the homomorphism w — Li,(2)
of the shuffle algebra ($,LLl) over C is bijective, i.e., all C-algebraic relations be-

tween polylogarithms come from the shuffle product.

3. Quasi-shuffle products. Both multiplications, the shuffle LLI and the stuffle x,
can be formalized in a following manner due to M. Hoffman’s construction of quasi-
shuffle Hopf algebras.

We begin with the graded non-commutative polynomial algebra 2 = C(A) over
a subfield £ C C, where A is a locally finite set of generators (i.e., the set of
generators in each positive degree is finite). As usual, we refer to elements of A as
letters, and to monomials in the letters as words. For any word w we write £(w)

for its length (the number of letters it contains) and |w| for its weight or degree
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(the sum of the degrees of its factors). The unique word of length 0 is 1, the empty
word. We define a multiplication o by requiring that o is distribute over addition,

that

low=wol=w (16)
for any word w, and that
a;uoapv = a;(uoapv) + ag(a;uov) + [aj, arl(uowv) (17)
for any words u, v and letters a;, ar € A, where a function [+, -]: Ax A — A (A :=
A U{0}) satisfies
(S0) [a,0] =0 for all a € A,
(S1) [aj,ax] = [ax,a;] for all a;,a) € A,
(S2) [laj,ax], ai] = [aj, [ak, a)]] for all a;,ax,a; € A, and
(S3) either [aj,ar] = 0 or |[ag, a;]| = |a;| + |ak| for all a;,a; € A.

Then (2, 0) is a commutative graded KC-algebra (see [H3, Theorem 2.1}).

If [a;,ar] = O for all letters a;,ar € A, then (2, 0) is the shuffle algebra as
usually defined; in particular case A = {x(,z1} we obtain the shuffle algebra
(A,0) = (9,LL)) of MZVs (or polylogarithms). The stuffle algebra ($!,*) can
be derived from the general construction by the choice of generators A = {y; };";1

and brackets

Wi, Yk] = Vit for integers 7 > 1 and k >

Consider another multiplication © defined by the rules

low=wol =w,
ua; ovay = (udvag)a; + (uajov)ar + (wov)laj, ak

instead of (16), (17), respectively. Then (2, 0) is also a commutative graded K-
algebra.

Proposition 4. The algebras (A, o) and (A,0) coincide.

Remark. Proposition 4 can be easily verified with the use of the commutativity of
the multiplications ‘o’ and ‘6’. But our proof of (18) below remains true even if we

omit the commutativity condition (S1).
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Proof. Tt is enough to prove that
W1 O Wy = W1 O Wo (18)

for any words wy,ws € K(A). Both sides of (18) are homogeneous monomials
from 2 of the same length. We prove (18) by induction on ¢(w;) + ¢(ws). If
l(w1) = 0 or ¢(wz) = 0, then (18) is an obvious identity. If {(w1) = f(wz) = 1,

hence wy = a; and wy = ay are letters, we obtain
a1 0as = ajag + asay + [al,ag] = a1 0as.

If {(wy) > 1 while f(wy) = 1, hence wy = ajuas and we = asz, by the inductive

hypothesis we obtain

ajuag o az = aj(uaz o ag) + agayuas + (a1, agluas

a1 (uag 6 as) + agaiuas + (a1, asluas

= a1((udag)as + uagas + ulaz, as)) + azajuas + [ay, azluas
(

a1 ((u o az)ag + uazas + ulas, as]) + asayuas + (a1, agluas

= (a1(uoasz) + asaiu + [a1, azlu)as + ayuasas + ajulasz, as
= (aju o az)as + ajuasaz + ajufas, as)
= (aqudag)as + ajuazas + ajufas, as)

= a1uas o as.

Similarly, if ¢(w;) > 1 and ¢(ws) > 1, hence wy; = ajuas and we = azvay, by the

inductive hypothesis we obtain

ayuag o agvay = ay(uag o agvay) + az(ajuas o vay) + [ar, as|(uas o vay)
= ay(uag 5 azvay) + az(ajuas Svay) + [a1, as](uaz dvay)
= a1((uodagvay)as + (uaz dagv)ay + (udasv)laz, as))
+ az((a1udwvay)as + (auaz dv)ay + (a1udv)|as, as))
+ [a1, as]((udvay)as + (uag dv)ay + (udv)|az, ay))
= a1 ((u 0 agvay)as + (uaz o agv)ay + (u o agv)laz, as))
+ az((a1u o vayg)as + (ayuag o v)ay + (ayu o v)[asz, aygl)

+ [a1, a3]((u o vag)as + (uag o v)ay + (wowv)lag, asl)
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= (a1(u o azvay) + az(aiu ovay) + [a1, as](u o vay))as
+ (a1(uag o agv) + ag(ayuag o v) + [a1, as](uaz o v))ay
+ (a1(uoasv) + ag(ayuov) + [a1, as](uov))|as, a4l
= (a1u o azvay)as + (aguaz o agv)ay + (a1u o azv)|as, a4l
= (ajudagvag)as + (ajuaz dazv)ay + (a1udazv)laz, a4l
= a1uas °© azvay
The proof is complete.

4. Functional model of stuffle algebra. The functional model of the stuffle
algebra cannot be characterized in a way similar to polylogarithmic since the rule (5)
does not yield any differential structure. Thus, we require a difference operation

instead; namely, we take the simplest one
Df(t) = f(t—1) = f(t).
It is easy to see that
D(fi(t)f2(t)) = Dfi(t) - f2(t) + f1(t) - Df2(t) + Dfr(t) - Dfa(t).  (19)

The inverse operation can be given by the formula
Ig(t) = g(t+n)
n=1

up to a constant term if we restrict some growth condition for g(¢) at infinity, for
instance, g(t) = O(1/t?) as t — +oc.
In a spirit of the proof of Lemma 2, by (5) and (19) we require functions w;(t)

satisfying the relations
wj(t)wi(t) = wjtr(t) for integers j > 1 and k > 1.

The simplest example of such functions can be given by the formulae

1 .

This enables us to define the functions
. . L.
RlS(t) - R151,--~,8171,81 (t) = I(th R1817--~,811(t))
by induction on the length of the multi-index s. By definition we obtain

D Riyy, () = ti] Riy (¢). (20)
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Lemma 3. There holds the equality

Ri()= ! SNCIY

ni>-->n;_1>n; =1 (t + nl)Sl Tt (t + nl_l)sl_l (t + nl)sl

i particular,

Rig(0) =((s), s€Z!, s1>2 s5>1, ..., 5>1, (22)
Jim Ri, () = 0, scZ') s1>2 85 >1,...,5>1. (23)

Proof. We have

Ris(t

1 .
I tT Rlsl,...,sl_l (t))

l

I
~

1 1
(tTl (t 4+ nqi)s ---(t+nl_1)sll>

ny>-->n;_1>1

oo

T 2 :
] (t + n)sl e S s (t +n + n)s1 A (t +nj_q1 + n)sz_1

1
- Z (t+n’1)81...(t+n;_1)8171(t+n)51’

ni>--->n;_;>n>1
which is the required equality (21).
Further, define the multiplication ¥ on $§! (hence on the subalgebra $°) by the
formulae
lxw=wx1l=w, (24)
uy; ¥ vye = (uxvyr)y; + (wy; *0)ye + (¥ 0)y;k
instead of (4), (5).

Lemma 4. The map w — Ri,(2) is a homomorphism of (§°,%) into C([0, +00);
R).

Proof. We must verify that
Riyw, % w, (2) = Riy, (2) Riy,(2)  forall wi,wy € H°. (25)

Without loss of generality we restrict ourselves to words w1, ws € $° and prove (25)

by induction on (wq) + ¢(we). If wy = 1 or wy = 1, the relation (25) becomes
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obvious by (24). Otherwise, w; = uy; and ws = vy, hence by (19), (20) and the

inductive hypothesis we obtain

D (Riw, (t) Riw, (t)) = D(Riuy, (t) Rivy, (t))

= D Riyy, (t) - Rivy, (t) + Riuy, (t) - D Riyy, (t)
+ D Riuy, (t) - D Riyy, (1)

1o 1. . 1
= 5 Riu(t) Rivy, (6) + ¢ Riuy, () Ri (1) + 5 Riu () Riy (1)

1 . 1 . 1 .

= t_J Rlugyyk (t) + t_k Rluyj ;H](t> —+ W Rlugv(t)

= D(Ri(u F UYL )Y (t) + Ri(uyj V)Y (t) + Riy V)Yj+k (t))
= D Riuy, 5 oy, (1)

=D Riwl * Wa (t)

Therefore,

Riw, (t) Riw, (t) = Riw, 5w, (t) + C (26)

and tending ¢ — +o00 by (23) we obtain C' = 0. Thus equality (26) becomes the

required identity (25).

Proof of Proposition 2. Proposition 2 immediately follows from Lemma 4 and

Proposition 4 by the use of (22).

We underline that our approach for the proof of Proposition 2 is similar to the

approach for the proof of Proposition 1.

T T
N =

[MPH]

[(Wi1]
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