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OG0 uppanmMoHaJILHOCTY 3HAYECHUN A3era-pyHKknuu Pumana

O6obmaercs kKoHCTPYKIHA PUBOAJISA, TO3BOJAIONIAA CTPOUTD JIMHEHHEIE TIPUOIII-
katomye PopMel OT 1 1 3HAUeHMit 13eTa-pyHKIVM ¢ (S) TOIBKO B HEYETHBIX TOUKAX.
JI0Ka3bIBAIOTCA TEOPEMEL 00 UPPAMMOHAILHOCTY YuCia, ¢ ($) Uil HEKOTOPOrO HeYeT-
HOTO § 13 33,JAHHOT'O OTPE3KAa HATY PAJIBHOIO PANA; C HOMOIIBIO YCOBEPUICHCTBOBAHILL
apUYMETHIECKIX ONEHOK YCHIMBAIOTCS OPUTMHAJLHLIE Pe3ynbraThl PuBoana o -
HeMHOM He3aBucumMocTy uuced ((S).

Bubmorpa¢us: 28 HauMEeHOBAHWIA.

BBenenue

N3yuenne apudmeTrdeckoil Iprpoabl 3HaUeHMit n3eta-pyskmvm Prvana

B IEJILIX TOUKAX S > 1 sABIsgeTCS OOHVIM 13 CAMLIX MIPUTATATEIHLHBIX HAIIPABJIEHUIA CO-
BpeMeHHO# Teopun uncesr. HecMoTps Ha 0OMaHUMBY IO IPOCTOTY U DOJIEE YEM IBY XBEKO-
BYIO UCTOPHIO 3TOM MPOOIIEMBI, IOy YE€HHLIE PE3YIbTaThl HEMHOTOUKCIIeHHLI. [lepBhbmM
IPOIBUKEHIEM B 9TOM HAIIPABJICHUN OECCIOPHO SABJISETCA POpMYyIIa Jitmepa

(27i)° B,
C(S):—T, 8:2,4,6,...,
BhIpazKaromlas 3HaueHNs A3eTa-GyHKIMY B YEeTHBLIX TOYKaX B TepMUHAX T % 3.1415926
u yucen beprynnmu By € Q, KoTOpbIe 3a0a10TCs TPOU3BOAAMEH (yHKIMEH

t b o=t
tizl——+ g B;—, Bs =0 nnsgHe4eTHHIX § > 3.
et —1 2 s!

=2

B 1882 r. JIurnemann noka3aJ TPAaHCIEHIEHTHOCTD UKCJIA T U, TEM CAaMbIM, TPAHCIIEH-
JEHTHOCTB (($) IULs YeTHBIX S.

[TpoGema MppaMOHANILHOCTY 3HAUEHN M3€Ta- (yHKINY B HEUETHBIX TOYKAX Ka3a-
JaCh HEMPECTYNHOU BIIOTL 10 1978 1., korma Anepu [1] nperbsaBuir mocienoBaTen-
HOCTb PAIVOHAJBHBIX IPUOJIVKEHNI, TOKA3BIBAIOMINX UPPAMOHAILHOCTD urcia ((3).

Pabora Bemonrena npu wacruanoil nomnepxke porma INTAS u Poccuiickoro ¢pornma dpynna-
MEHTaJIbHBIX uccaenoBaruit (rpaat Ne IR-97-1904).

@ B.B. 3yauauH, 2002
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TEOPEMA ATIEPU. Yucao ((3) uppayuonanvho.

UcTopust 9TOro OTKPLITHS U CTPOrOe MATEMATHYECKOe 00OCHOBAHME HAOJIIOICHUI
Anepn m3noxens! B [2]. B nocrenyromnme romst ¢eHOMEH MOCIENOBATENLHOCTA ATIepn
ObLI HEOMHOKPATHO MEPEOCMBICIIEH C TOUKY 3PEHUST PA3IMYIHBIX AHAJIATAICCKAX METO-
I0B Teopyu umcel (cM. [3]-[8]); HOBbIe IOIXOIbI TO3BOJIIIN YCUIUTD Pe3yIbTaT Anepu
KOAUYECMBEHHO — TOIYUUTh “XOpOIIy0” Mepy UppammoHaasHocTy unciaa ((3) (mo-
CIIeIHYE DTAIbl COPEBHOBAHISA B 9TOM HampaBJeHry — pabotst [9], [10]).

K coxasenuro, ecrecTBeHHBIE 0600MEHNST KOHCTPYKIMA ATIepy OIPUBOIAT K JIMHEH-
HBIM (pOpPMaM, COMEPIKAIIM 3HAUEHNUS I3eTa-(yHKINYI KAaK B HEUETHBIX, TaK U B YETHBIX
TOUYKaX (MHTEpeC K KOTOPLIM 3aMETHO yrac ImOCJe pe3yibrara Jitnepa—Jlunnemanna);
9TO 0OCTOATEILCTBO HE MO3BOJISIIO IOJYYUTH PE3YIbTaThl 00 nppamroHaibHoCTH ((S)
I HEYeTHBIX § > 5. VHTepecHble TONBITKY HOACTYIMTELCSI K 9TON MpobiieMe comep-
3KaTcsA B npenpuaTax [11] u [12].

Haxorern, B8 2000 r. Pusoass [13] Hamemm BCIOMOraTe IbHYI0 PAIMOHAILHYO (yH-
KIIMIO CUMMeTPpUeN 1 MOCTPONII JIHeHbIe OPMBL, CONEPKAIIE 3HAYEHUS 13eTa-yHK-
Y TOJHKO B HEUETHBIX TOUKAX § > 1.

TEOPEMA PuBOAna. Cpedu wucea ((3),((5),((7),... umeemcs beckoneuno
MHO020 uppayuonasvknr. Boaee mouno, das pazmeprocmu 6(a) npocmpancme,
wamanwymuz 1Had Q na wucaa 1,((3),((5),...,{(a—2),{(a), 2de a newemno, cnpa-
8€0AUBA 0YEHKQ

d(a) > loga

/m(l-i-O(l)), a — 00.

B macrosmeii pabore Mbl 06006maem koaCTpyKImio PuBoass [13] u nokaswmaem cie-
Iy IOIe Pe3YITbTATHL.

TEOPEMA 0.1. B kancdom wucaogom wabope

{€(5), €(7), €(9), €(11), ¢(13), ¢(15), €(17), ¢(19), ((21)},
{<(7), €(9), ..., €(35), €8T}, {€(9), C(11), ..., C(51), C(53)}

umeemcs no kpalineti mepe 00O UPPAYUONAABHOE YUCAO" .

(0.1)

TEOPEMA 0.2. Jlas kaxncdozo newemmozo b > 1 cpedu wucen

umeemcs no kpatinet. Mepe 00HO0 UPPAYUOHAADHOE.

TeEOPEMA 0.3. Cywecmeyiom Hnevemuvie a1 < 145 u as < 1971 maxue, umo
wucaa 1,((3),((a1),((az) aruneino nesasucums nad Q.

Teopema 0.3 ycrimBaeT COOTBETCTBY IO pe3yibTaT paboTst [15], rue ycranosie-
Ha JVHeRHAA He3aBUCUMOCTE uuced 1, ((3), ((a) mis vekoToporo meuernoro a < 169.

'Mocne 3aBepineHus pabOTHL HAJ[ CTAThER ABTOPY CTAJIO M3BECTHO, 4To PrBoais [14] He3aBu-
cMO oy uni yreepx aeraue TeopeMst 0.1 s nepsoro u3 Ha60pos B (0.1), nconons3ys mHOE 0606-
lIeHre KOHCTPYKmu u3 [13].

Jameuanue npu xoppexmype. HemaBHO aBTOp mOMyumin psanx yroureHnit reopems 0.1 u, B
YaCTHOCTH, HOKa3aa [28], uro mo xpaiineit Mmepe omao m3 wernipex uucexn ((5),¢(7),¢(9), ((11)
MPPAIMOHAILHO.
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TEOPEMA 0.4. Jlas kaxncdozo wewemmozo a = 3 cnpasedausa abcoaommas
oyexKa
2 loga
d(a) > 0.395 loga > - - ———. (0.2)
3 1+log2
JlanbHelimee U3I0KEHNE YCTPOEHO caenyomuM oopazom. B §1 omucana ananuru-
JecKasi KOHCTPYKIMA JUHEAHBIX (OPM OT 3HaUeHUA N3eTa- yHKINMY B HEUEeTHBIX TOUKAX;
B §2-4 nucciemyercss aCUMIOTOTUKA JIMHEHHBIX (OPM, UX KO3 PUIMEHTOB U 3HAMEHATE-
meit coorBercTBenno. Hakower, B § 5 mpuBoasaTcs: monpoOHbIE TOKA3ATETHCTBA PE3YITh-
TATOB; OCHOBHBLIM WHTDEIIMEHTOM B MOKa3aTeabcTse TeopeM 0.3, 0.4 (Tax ke, Kak U1 B
pabore [13]) sBiseTcs ciemyrommii yacTHbIA ciryudail Teopemsr Hecreperko u3 [16].

KPUTEPUI JIMHEVHOU HE3ABUCUMOCTU. [Iycmp 0ad 300annozo wabopa ee-
wuecmeennnir wucea 0g,01,...,0,, m > 1, cywecmsyiom nocaedo8amesbHOCb
Aurelnns gopm

I, = Ao nbo+ A1nb1 + -+ A nbm, n=12,...,
¢ yeanMu Kosfpuyuenmamu u wucaa o > 0, > 0 maxue, wmo
log |I,| = —na + o(n), logoénjaéxmﬂAj,n\} < np+ o(n)
npun — . Tozda

dimg(Qfp + Q1 + -+ + Qb)) = 1+

™| RQ

Ormerum, uto o6ocHoBaHME Teopem 0.1-0.4 ommpaeTcs HA METOI IEPEBAJIA, U CJIEIY-
€T CXeMe 0Ka3aTeshCTBA TeopeMbl Amepu u3 [8]. Mol Takke cunraeM HeOOXOIMMBIM
yKa3aTh Ha muccepramuio [17], B KOTOPOM ¢ MOMONIBbIO METOA NepeBaJia ObLIn MOJLy-
YeHDBI apUPMETUUECKUE PE3yIbTATEL UL 3HAUEHNH ToIrIorapudmMos; pabora [17] mo-
CJIY2K1JIa CBA3YIOIIMM 3BEHOM MEXK 1Yy HaIlIMMU SMIINPUYIECKNMUN Ha6JIIOI[eI—H/IﬂNH/I n CTPO-
UM 00OCHOBAHIMEM Pe3yIbTATOB B § 2. YCOBEPIIEHCTBOBAHIE aPUYMETIUECKUX OEHOK
(3mamenaTeneit uncnoBbx muHedHBX dopMm) B ayxe [18], [9], [10], mpmBommoe B §4,
MO3BOJIVIIO YTOUHUTE OIEHKY CHU3Y 1isi 0 (a) B Teopemax 0.3, 0.4 npu MaJIbIX 3HAYEHU-
ax a. Haxonern, B § 3 mis Koo ¢primieHTOB IMHEAHBIX (OPM IOTYUeHa He TOJIHKO OIEHKA,
CBEPXY, HO ¥ aCUMOTOTHUKA X POCTA.

OcCHOBHBIE Pe3yJILTATHI HACTOSIIEH PABOTHI AHOHCUPOBAHEI B cOO0meHvm [19].

AsTop uckpenne 6iaronapes npogeccopy 0. B. Hecrepernko 3a mocrosrHOE BHEIMA-
HIE K PabOTe U DS IEHHLIX YKA3AHUIA 10 €€ YCOBEPIIEHCTBOBAHUIO.

§1. Amanurmuyeckas KOHCTPYKIIASI

B sToM maparpade MbI M3J0KUM aHAJIATUYIECKYIO KOHCTPYKIUIO, IIO3BOJISIONLYIO
CTpoUTh “Xopomme” JIMHEHHbIE OPMBI ¢ DAIMOHAJILHBIMYI KO QGUIMEHTAMI OT 3HAYe-
HUIZ 3eTa- yHKIMYA B HEUTHBIX TOUKaX.
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3auKcrpyeM nesble TOJI0XKUTEIbLHBIE TapaMeTPLL a, b, 1, 2rb < a u a + b geTHO, U
JULSI KasK IOT'0 IIEJIOTO OJIOXKUTEIHLHOTO 72 PACCMOTPYM PANMOHAILHYIO (yHKIIIO

((ti (n+1)---(t£(n+ 2rn)))b
(tt+1)--(t+n))”

R(t) = Rp(t) := - (2n)1872rt, (1.1)

3nech u nasee 3amuch (¢ + [) o3HaUaeT, YTO B NpOU3BeneHNH (CyMMe UM MHOKECTBE)
YUaCTBYIOT ONHOBPEMEHHO MHOKUTENX (ciraraeMble W 9JIEMEHTHI COOTBETCTBEHHO)
t —lut+ 1. yskmum (1.1) mocTaBuM B COOTBETCTBUE YUCIO — GECKOHEUHY IO CYMMY

> 1 d*1R(t)
I=1I,:= t:zn:H oD (1.2)

Kaxk Hecs10:HO 3aMeTuTh, cyMMupoBanue B (1.2) IPOUCXOAUT TOJIBKO 1O nesbv ¢ >
n + 2rn. Psan B npasoit vactu (1.2) cxomarcs aGCONIOTHO, TaK KAK CTEIEHV UIC-
JIATEJIsI Y 3HAMEHATEJIsI PAIMOHAILHON (yHKuvm (1.1) paBHBI COOTBETCTBEHHO 47bn u
a(2n + 1) > 4rbn + a > 4rbn + 2, 3nauwr,

R(t):()(t%) . %:0(}2), £ — 0. (1.3)

Nurerpansroe npencrasienve cymmvsr (1.2) u npuverenre metona Jlamnaca mo3soisi-
IOT BBEIYMCJINTH BCJIIMYUHY
— log|l,

» = lim
n— oo n

(1.4)

(monpoGHOCTH CM. nasee, B § 2) mogOGHO TOMY, KaK 9TO IPOIEIAIOch B paborax [8], [17].

JIEMMA 1.1. Jlag kamcdozo n = 1,2, ... wucao (1.2) geagemes aunednol gop-
moli om 1 u snavenud dsema-Pynryuu 8 nevemunr moukar s, b < s < a4+ b:

I= Y Ag(s)— Ao. (1.5)

S HEUETHO

b<s<a-t+b

ITOKA3ATEJILCTBO. Ilpencrasiss gpysxmmio (1.1) B Bume CyMMBI TpOCTEAIAX ApO-
oeii:

i A o Ag2 Ak
R(t) = _Ee L. d d 1.6
®) k;n<(t+k)a+ +(t+k)2+t+k>’ (16)
OTMETHUM, YUTO
ZAkl——tResR(t):O (1.7)
=0
k=—n

coraacuo (1.3). U3 (re)uernoctu pysxmym (1.1), mverro

R(=t) = (=1)*R(), (1.8)
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Y €IMHCTBEHHOCTY pa3ioxkenus (1.6) ciemyioT cOOTHOmEHMsT
Ap;=(-1)*TA_k;, k=0,+1,....,4n, j=1,2,...,0a

TIO9TOMY

n

n
Z Ag; = (=1)27 Z Ag; =0, ecima — jHeverHo, j=2,...,a. (1.9)

k=—n k=—n

IMoncrasusis paznoxerue (1.6) B (1.2), Haxomm

o= S (0 e

t=n+1k=—n

a+b—3 Ak.a-1 b Ak 2 Ak
* ( b1 >(t—|—k)“+b—2 L (b_1> Gk TGt k)

OTKY/Ia, TIOCJIE HECIIOXKHBIX TPE00Pa30BAHIIA IOy YaeM

I=Aatp-1C(a+b—1)+ Aarp-2C(@a+b—2)+ -+ Ap((b) — Ao,  (1.10)

roe
, j—1 n
Aj = (—1)b1 (b _ 1) Y Agj-py1, J=bb+1,...,a+b—1, (111)
k=—n
n  htn a+b—2\ A b Ap Ap
1 b—1 - ,a 2 1
Ao =(-1) Z Z(( b—1 )la+b—1+"'+(b_1)lb+1+ Ib )
k=—n =1
(1.12)

Cornacro (1.7) Bemosmeno A, = 0, Tak uTo BLIpaXeHue B Tpasoit uactu (1.10)

OIpENeJIeHO KOPPEKTHO naxke B ciaydae b = 1; kpome Toro, corsnacuo (1.9) u yernoctu
wmcna a+bumeer MecTo paBerctBo A; = 0, ecim j > buerno. Takum o6pazom, popmy-
aa (1.10) o3mauaer, uto I ABIseTCS TUHEHHOM GopMOii OT 1 1 3HAUCHMIT N3€Ta- )Y HK MK
B HEUETHBIX TOUKaX S, b+ 1 < s < a + b — 1, uro u Tpe6GoBaIOCH NOKA3ATh.

o5t HaxXOXK eHvst 3HaMeHaTesel auHeRHBIX GopMm (1.2) BOCIOoIb3yeMCcst Cre Ly FormmmM
YTBEDXK IEHUEM.

JIEMMA 1.2 (cp. ¢ [20], [13]). ITycmo das nexomopozo mrozousena P(t) cmenenu
He BHWE N PAUYUOHAABHAT GYNKYUT
P(t)
(t+s)t+s+1)---(t+s+mn)

R(t) = (1.13)

(6 HEObAZAMENBHO HECOKPAMUMOM NPEICTNABAEHUL) YOOBAEMBOPAEM YCAOBUAM

(R(t)(t+k))|t:_k€Z, k=s,s+1,...,8+n. (1.14)
Toz0a Oast scex UENDLT Heompuuamenbnbwj BN OANHEHO
D} dJ
TE(R(t)(t—i_k‘)) t:_kEZ, k—s,s—i—l,...,s—i—n,

20e D, — naumenvwee obuiee xpammoe wucen 1,2,...,n.
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JIOKA3ATENLCTBO. PacknanbBas pamonanbayo ¢yekmo (1.13) mHa mpocreii-
e Ipoou, moIydaeM

s+n
B,
l=s
rie
Bl:(R(t)(t—l—l))‘t:_lEZ, l=s,s+1,...,8s+n.
Torna
s+n t-i-k s+n I
R(t =B B =B B{1+—
(@)t + k‘|‘Z S k-}-z l< +t+l)
l;ék l;ék
", 3HQUUT,
1 & IR Bk —1) 2B
— —(R@)(t+k 1)? — = —
G BOEER)| = )Z(+l)3+1 o ;(k—l)J

l;ék £k
Orcroma ciemyeT TpebyeMoe yTBEPK JICHHE.

3AMEYAHUE 1.1. $opmymuposka semmer 1.2 npunamtexur Hecrepenko [21]. B
pa6ore Hukummma [20] noka3aHHAs J€MMa IPUMEHSIIACH K MHOTOUJIEHY

Pt)y=@t+p+1)---(t+p+n)

msp—s € Zup+n < swmp > s+ n; Pusoans 3amerun [13], uro ycaousm (1.14)
yIOBIIETBOPsieT Takxke Muorowsten P(t) = n!. B kaxmom u3 stux ciyuaes uucaa By,
k=s,s+1,...,s+n, ABIAI0OTCA OMHOMUAILHBIMY KO O QUITIEHTAMI, TaK YTO IPOBEPKA
BrItouenuit (1.14) He cocTaBiseT Tpya.

Kax HeCJI0XHO 3aMeTUTh, panmoHabHas QyHkmws (1.1) MoxkeT GBITH IpencTaBiIeHa
B BILIIE IIPOU3BEICHUA (yHKIIA

tt(m+1))---(t £ (m+2n))

F(t) =F, t) .= , < m, 1.15
() = Fum(®) TIPSR (1.15)
(2n)!
H(t) = H. = .
(cm. popmyiry (1.22) masee).
JIEMMA 1.3. Zas gynryud (1.15), (1.16) ewnoanens exaouenus

D}, &

%—J.(F(t)(wrk)?) €Z, k=0,+1,....,+n, j=0,1,2,...,
jbodi t=—k (1.17)
D}, &

2|”—J(H(t)(t+k)) €Z, k=0,%1,...,+n, j=0,1,2,...,
Jhodt t=—k (1.18)

20e Doy — Haumenvwee obwee kpamuoe wucea 1,2,...,2n.
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JITOKA3ATENLCTBO. Brirouenus (1.18) caenyror u3 jemmer 1.2, nprMeHeHHOR K
pamvonansHOR ¢pyrkImuy (1.16). YTo6sl nokasars Bitouenus (1.17), HeoOxommo Boc-
IOJIB30BATHLCA JeMMOR 1.2 nia panmoHaJILHBIX (yHKIVN

_ t—(m+1))---(t— (m+2n))

R_(t) :
tt£1)---(t£n) 119)
Ro(1) = t+(m+1))---(t+ (m+2n))
+t) = t(t+1)---(t£n)

u npaBuioM JleiiGruna st j-it npoussonuoit npoussenerus R_ (t) R4 (t) = F(t). Ilpu
oToMm ycuosus (1.14) mis kaxknoit u3 panvoHabHbIX ¢yskuit B (1.16), (1.19) mefict-
BUTEJHHO BHIIOJIHEHB], TAK KK

(O + ) ooy = (1 i = 0 () 2

(R_()(t+k)|,__, = <m+22:+’f) (1)t (nifjk) €z,

(Re@®E+K)|,__, = (m +22:’ - k)  (=1)n+k <n2nk> €7z

[\)

+
nnsaBcex k= 0,+1, ..., +n. Tem cambv temMma, moKa3aHa.
Bcerony B nanbuefimem non snamenamenem den(I) mumeiinoin popmer I = Ag +
A1601 + - -+ + Ap, 0, nOHIMaEM HaUMeEHbIIeE PayuoHaabhoe (He 0DsI3aTENHHO 1eJIoe)
D > 0 Tagoe, uto Kaxknoe u3 uucea DAg, DA1,. .., DA,, ABJIA€TCS NeJbIM.

JIEMMA 1.4. Kospduyuenmo auneinot gopmu (1.5) ydosaemeopsiom ex.aiove-

HUAM
Dgtbl=s 4 e 7, (1.20)

20e s =0 uau s Hewemno, b < s < a+ b; nosmomy den(I,) Feasemcs deaumenem
at+b—1
D U

— logden(I log Da+b—1
fm logdentin) oy loeDon ™ o1y ), (1.21)
n—oo n n—oo n

JTOKA3ATEJILCTBO. [lis onpenesnenus KoadpduimenTos B pasinoxkenvu (1.6) Boc-
noJb3yeMcs GopMyIon

1 ded
A ;i = . e =0,%£1,..., & ) =1,2,...
k,j (CL _ ])' dta—7 (R(t)(t + k) ) t:_ka k 0, ) y TNy ] 3 4y y @y
" IIpencTaBJICHEM
R(t) = (Hn(8))* 7™ (Fa,n(1))® (Fa,3n ()’ - (Far—1)n,n (1))’ (1.22)

pammonasbHOR pyskmvw (1.1). Torma BRiItoueHust

DS A i €l, k=0,+1,...,4n, j=1,2,...,a, (1.23)
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caemytoT u3 semmsbl 1.3 n npaBuita, Jleiibruma mits migdepeHnpOBaHIs TPOU3BEICHUA.
B c¢Boro ouepens, Brirouenns (1.20) momyuarores coraacuo popmynam (1.11), (1.12) u
coorromenusiM (1.23). IIpenensroe cooTromenue (1.21) BorTeraeT u3 GOPMYIILL

log D,

lim 1 (1.24)
n— oo n

(COrIacHO ACHMITOTIYECKOMY 3aKOHY PACIpeesieHrs IPOCTEIX uncen). Jlemma noka-
3aHA, TOJTHOCTHIO.

Taxkrm 06pa3oM, MBI TOCTPOMIIY OCIENOBATENHHOCTE JMHEHHBIX popM I, n = 1,

2,..., 3 KOTOPOI (COrIACHO IPENeILHOMY COOTHOMIEHNIO (1.4)) MOXKHO BELIEIATE Oec-
b—1
KOHEUHYIO TOMIOCIENOBATENLHOCTL HEHYIEBLIX (OPM; IPU 9TOM (HOPMLI ng;F I,
n=1,2,..., IMEIOT IeJIOYNCIIEHHbIE KO3 POUIMEHTEL. ITO 03HAYAET, YTO IIPU
7+2a+b—1)<0 (1.25)

cpemut uucen (), rue s ueuetHo u b < § < a + b, UMeeTcsi o KpaiiHeil Mepe OIHO Uppa-
IIMOHAJIBHOE. BoJiee TOro, BepxHIe OMEeHKY T K0 GQuimenToB jvHeHHbX dopm (1.10)
B ciyuae (1.25) HO3BOJSIOT NOIYYUTH ONEHKY CHU3Y JULSI KOJIMYECTBA UPPAIMOHAID-
HBIX YMCeJI B YKa3aHHOM HaOOpe 3HaUeHmil n3eta-pysmn. [loaTomy cremyromuii aTan
HAIIX PACCY XK ICHVIA ITOCBSIIEH BEIUUCIEHNIO BetnduHb! (1.4) 1 acuMITOTIKY KOS Pu-
IeHTOB JuHEVHLIX ¢popM (1.10) mpu n — oo.

§2. AcuMnroTrmdyeckas OMEHKA JIMHEMHLIX OPM
Ham noramo0saTcsa HEKOTOPBIe NOMOJIHATENLHBIE CBOMCTBa (YyHKINM ctg 2.

JIEMMA 2.1. Makcumanvhoe 3navenue 8eu,ecmeentosnayhol Heompuyamens-
noll gynryuu h(y) = |ctg(z + iy)|, y € R, zaeucum moavko om x (modrZ) € R.

JTOKA3BATENLCTBO. Ecim z = 7k 1iist HEKOTOPOTo 1eJtoro k, To TOUKa 2 = & SIBJLsI-
eTCs1 (eAMHCTBEHHBIM) OJIIOCOM QyHKINY ctg z Ha npsaMoii Im z = z (cm. (2.6) naiee).
CrenoBaTebHO, B 9TOM CIIydae abCOMIOTHLIA MakcuMyM (GyHKimu h(y), paBHbIH Gec-
koHeuHocTH, nocturaercs npu y = 0. IlosTomy cunraem nasee, uro z ¢ w7 u, 3HAUNT,
cos 2z < 1. imeem

2 2

h(y)? = Cf)s(a;—l—?y) _ (e7Y +eY) cosa:+z:(e_y - ey)s%na:
sin(z + 1y) (e7¥ —eY)cosz +i(eY +e¥)sinz
_ e %Y 4+ ¢2Y 4 2cos 2z 14 4 cos 2x
T e~2V 4 e2V — 2cos2r e~2Y + e2¥ — 2cos 2z
4| cos 2z|
<14 5P 2.1
+ 2 —2cos2x ( )

JIe MBI BOCIIOJIB30BAJIUCH HepaBeHcTBoM Y + 1/Y > 2mpu Y = e~2Y > 0, koTopoe
CTAHOBUTCS PaBEHCTBOM Jimiib B ciydae Y = 1. Oueska B npaBoit yactu (2.1) 3aBucur
TOJBKO OT & (mod w7Z), 4To 1 3aBEPHIAET NOKA3ATEIHCTBO JIEMMBL.

Omnpenenyv Teneps “middepeHnraababe nTepamy’ KOTAHT€HC A

(—1)b=1 d®lectgz

b=1,2,.... 2.2
(b—1)! dep=1 ' (2:2)

ctgy z =
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JIEMMA 2.2. Jlasg kancdozo b=1,2,...
a) PynKyuT Ctgy 2 ABATEMCT MHOZOUAEHOM OM CtEZ € PAYUOHAALHBLMY KO-
puyuenmamu:

ctgy z = Up(ctg 2), Us(—y) = (—1)°U(y), degUp = b;
6) Pyrnxyus sin®

KoadPuyuenmamu:

sin® z - ctgy z = Vo(cosz),  Ve(—y) = (~1)Va(y), degVp = max{1,b—2}.
(2.3)

z - Ctgb Z ABAAECMCA MHOZ0YAEHOM 01T COSZ C PAUUOHAALBHBIMU

JIOKA3ATEJILCTBO. Bocnosnb3yemcsi MeTonom maTemaTudeckoir naaykmmu. [Ipu
b =1 umeem ctg, z = ctgzusin z - ¢tg, z = cos z, Tak uro U; (y) = V1 (y) = y.
a) CorsacHo mudpepeHIaILHOMY Y PABHEHIIO

dy 2
— = — -+ 1 , =ct Z,
L, =Wl y=ctg
u onpenesnernio (2.2) musa maorounenos Uy (y), b = 1,2, ..., CIpaBeIMBO PEKYPPEHT-

HO€ COOTHOIICHUEC

1
Upt1(y) = g(?f +1)U(y), b=2,3,....

Wunyxruonnsrit nepexon ot bk b + 1 mokasemaer, uto Uy 1 (—y) = (1)U (y)
creneHb MHOro4IeHa Up 41 Ha emurEuy Goubire cremeru Up.
6) IIycts npencraBnenue (2.3) nokaszano mist HekoTOporo uesoro b > 1. Torma

d
sin z - &Vb(cos z) =sinz- a(sinb z - ctgy 2)
d
= bcosz-sin® z - ctgy z + sin®*! 2 - P ctgy 2
z
=bcosz- Vp(cosz) — bsin®T! z - ctgyy 1 2,
OTKYZa
1
sin®+1 2 . ctgyy 1 2 = cosz - Vp(cosz) — b sin z - d—Vb(cos z)
z
1
=cosz - Vp(cos z) + 5 sin? z - V{ (cos 2)
= Vp+1(cos z),
rue )
Vor1(v) = yVo(y) + 3 (1 - ")V (v). (24)

Coracao ¢popmyie (2.4) 1 MHAYKIMOHHOMY IIPEINOIOKEHNO OyHKIwsT Vy 41 (y) sB-
JIIETCS MHOTOYJIEHOM, CTEIIEHb KOTOPOr'o He G0Jiee 4eM Ha eIMHIILY TPEBOCXOMUT CTENEHb
Vi (y); xkpome Toro, Upi1(—y) = (=1)° U441 (y). Hockomexy Vo(y) = 1 (BHOBD co-
riaceo (2.4)), nonyuaem onerky deg V41 < b — 1. B To e BpeMmsi MHIyKIMOHHBIA
nepexon ot b k b 4 1 u coorHomerue (2.4) MOKa3bBAIOT, UTO KoshdurmenT mpu g° 1
B MEOrOwIeHe Vy 1 (y) HemymeBoit u pasen 2°~1 /b!. Tem cambiv mpencrasienue (2.3)
nokazaHo misBcex b = 1,2,... . Jlemma nmoka3aHa MOJIHOCTHIO.
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JIEMMA 2.3. Jlasg kaxmcdozo b = 1,2,... u awbozo yeaozo k 6 oxpecmnocmu
mouxu t = k cnpasedauso npedcmasaenue

1
b ctgy wt = 5 +O(1), (2.5)

(t—F)

2de gpynkyug e O(1) anarumuuna 6 oxkpecmuocmu mouku t = k. B okpecmmocmu
mouku t € C\ Z pynxyus ctgy, 7t anasumusna.

JTOKA3ATEJILCTBO. Bropoe yTBep:KIeHUe TeMMBI ciienyeT u3 onpeneienvs (2.2)
¢GyHKIMYZ Ctgy z ¥ PA3JI0KEeHUs KOTAHTeHCa B CYMMy IPOCTeHImX Ipobeit:

1 & 1 1
tgmt = — 2.6
T ctgmw +mz::1(t—m+t+m) (2.6)

(cm., mampumep, [22, ra. X, §3, dopmyia (3)]).
B okpectHOCTH TOUKU T = k € 7 vmMeeMm

~

1 o (2mi)s(t — k)®
wetgmt =mctgm(t — k) = . <1+ZBS( ) i! ) >, (2.7)
s=2

rne Bg, s = 2,3, ..., —uucna Beprymm (cM., Hanpumep, [22, ri. X, §3, popmyna (2)]).
Tuddepermmpys b — 1 pa3 Toxxmectso (2.7), mosyuaem npencrasierue (2.5) u nepsoe
yTBEp:K IeHre JIeMMBI. JIeMMa I0Ka3aHa, OIHOCTLIO.

JIEMMA 2.4. Jlag cymmor (1.2) cnpasedausst unmezpanrvhoe npedcmasienue

7Tb_1i M+ioco
= t/ ctg, Tt - R(t) dt, (2.8)
2 M —i00

20e M € R — npoussoavnas nocmosnnas uz uwmepsasa n < M < (2r + 1)n.

JIOKA3ATEJLCTBO. PaccMoTpum nopsmTerpaibayo ¢yHKIvo B (2.8) Ha KOHType
IpAMOYToMbEUKA ¢ Bepumaamvu M + iN, N + 1/2 + iN (cm. puc. 1), roe nesoe uuc-
10 N nocrarousno Benvko, N > (2r + 1)n. Corunacuo teopeme Komm, semmve 2.3 u
AHAUTUIHOCTY QyHKIWY R(t) BHYTPU U Ha TPAHUIE TPSIMOYTOJLHAKA MHTErPAJT

7I'b M—iN N+1/2—iN N+1/24+iN M+ N
( / + / + / + / >ctgb wt- R(t)dt (2.9)

21 \J M yin M—iN N4+1/2—iN N4+1/24iN

paBeH CyMMe BLIYETOB NOILIHTEIDAJILHON (QyHKIMM B ToukKax t € Z, M < t < N.
ITonb3ysich Teneps npencraBierueM (2.5) 1 pa3IoKeHeM

RO (k)

R(t):R(k)+R’(k)-(t—k)+-“+W

=k +O0((t-k)P)

B OKpecTHOCTU TOuRu t = k € Z, M < k < N, nomyuaem, uto uarerpai (2.9) pasen

R(b—l)(k) i R(b—l)(k)

> amneno) - 8 S0 S G

M<k<N M<k<N

(2.10)
k=n+1
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Imt¢ 1
M +iN N+ 3 +iN
n (2r + 1)n Ret
M —iN N+3—iN
Puc. 1

Otmerrm Teneps, urto Ha croporax [N+1/2—iN, N+1/2+iN]|,[M —iN,N+1/2—iN]
u [N +1/2+iN, M +iN]|npsamoyroisauka Bemossaero R(t) = O(N ~2) cornacro (1.3),
a ¢pysrmms ctgy, mt orparudena. [lociiensee yTBepK I€HIE CIIELyeT U3 yTBEPIK IEHIS A)
JIeMMBI 2.2 ¥ OFPAHUYEHHOCTY (YHKIWIM Ctg Mt Ha PACCMATPUBAEMBIX CTODOHAX: IUIS
orpeska [N 4+ 1/2 — iN, N + 1/2 + iN] nonb3yemcsi iemmoit 2.1, a 1uisi IBYX APYIUX
OTPE3KOB — TPUBUAJIHLHOU OIEHKOM

1+ ef2miz | ,—27|y| 1+ e 27yl
S 1 —e2nlyl”

|ctg m(x + 1y)| = z € R,

1 — ef2miz | o—27|y|
mpu y = +=N. [losTomy
N+1/2—iN N+1/2+iN M+iN
(/ +/ +/ >ctgb7rt-R(t)dt:O(N_1),
M—iN N+1/2—iN N+1/24iN
u nocJte nepexona K npeznesy npu N — oo B (2.9) nosydaem npasyio gacts (2.8), B T0

BpeMsI Kak IpeneibHbiii nepexon B (2.10) maer uckomyro cymmy (1.2). Jlemma mokasana.

JIEMMA 2.5. IIpu n — oo dad cymmor (1.2) evinoanerno
- (=1 bn 2./ a—2rb 2 b
na

—1

20e

- . 1 n+ioo
I=1,:=—— / sin® w7 - ctgy 7T - () L g(7) dr, (2.11)
2mi J,

f(ry=b(r+2r+1)log(r+2r+1)+b(—7+2r+1)log(—7+2r +1)
+(a+b)(r—1)log(t —1) — (a+b)(t+ 1) log(T + 1) + (a — 2rb)2log2,
(2.12)

2 1b/2_ ) 1b/2
(T+2r+1)%2(—1+2r+1) (2.13)

g(1) = (r+ 1)(a+b)/2(7- — 1)(a+b)/2 ’

a p € R — npouszsoavnas nocmosnuas uz uwmepsasa 1 < p < 2r 4 1.
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3AMEYAHUE 2.1. lus onro3HavHOrO onpenenenus ¢pyuakmwii f(7) u g(7) paccmar-
PUBAEM MX B T-IUIOCKOCTH C Pa3pe3aMu BIOJL Jydeit (—oo, 1] u [2r 4+ 1, 4+00), duk-
CUPYsl BETBU JIOTApPU(GMOB, IPUHUMAIONIE NECTBUTEILHbIE 3HAUYEHUA HA WHTEPBAJIE
(1,2r + 1) BemecTBenHo# ocu. Takoii BLIGOD BeTBeil 00YCIOBIIEH CIEMYIONAM IaJIee
JIOKA3ATEJIHCTBOM JIEMMDL.

JTOKA3ATEJNBLCTBO. Iloab3ysics popmyioit mommkernus I'(z + 1) = 2T'(z), neperm-
ImeM panroHAJILHY0 ¢yHKIMEO (1.1) B TepMUHAX raMMa- ()yHKIN:

an (PE+E@r+Dn+ D\ TOCA—8) \*\ 6 ar
R®) = (=1) < T(tt+n+1) )(F(it+n+1)) (2m)1°72, - (2.14)

rlle, KaK ¥ PaHbIe, 3HAK + OTBEYAeT IBYM MHOXKUTEJSIM B mpou3Benenuu. [IpeoGpa-
3yeM MOABIHTErPAILHYI0 yHKIHMIO B (2.8), momb3ysics npencrasienueM (2.14) ¢yHk-
v R(t) u Tox nectBoM

T(H)T(1 —t) = si]:wt = (=1)"I(~t +n+ DTt — n).
Nmeem
R(t) = (=1)P™ - sin® 7t T(xt + (2r + Dn + 1)°T(t — n)oTo (2n)1e—2r (2.15)

v I'(t+n+ 1)ath
IToncrasus 910 Beipaxkerue B (2.8), moiryyrm
1= (_17)%2 /MHOO sin® t - ctgy 7t
2m M —ico
LT+ @2r+1)n+ 1)PT(t — n)2to(2n)l1a—2rb
['(t+n+1)atb

dit

_ (=DPr(@n)amrhi pMEe (=t+ (2r + Jn)°(t+ (2r + 1)n)°
= si” 7wt - ctgy wt - B
2 M—ico (t+n)a+
L(£t + (2r + 1)n)bT(t — n)2+bT(2n)a—270
o DEE+ (2r + 1)n)' T —m)* P22 2.16)
L(t +n)etd

roe M € R — npousBoismbHas nocrosusas u3 uarepsana n < M < (2r + 1)n. Iloxoxum
M = pn nna nocrosuuoM 1 € R m3 maTepBama 1 < p < 2r + 1.
Cornacro acumnroruke I'-pyaxmm

logI'(z) = (z— %) log z — z + log V2r 4+ O(|2| 1) (2.17)
(cM., Hampumep, [23, §3.10]) ua KouType urTerprpoBanus B (2.16) mveem
logD'(£t + (2r + 1)n) = (:I:t +(2r +1)n — —) log(£t + (2r + 1)n)
(£t + (2r + 1)n) + log V21 + O(n~1),

log'(t + n) t—{—n——) log(t +n) — (t +n) +logV2r +O(n™1),

-
log (¢t — n) (t —n— —) log(t — n) — (t — n) 4+ logV2r + O(n™1),
log T'(2n) (

2n——>10g (2n) — 2n + log V2w + O(n™1).
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Takvm 00pa30M, IocJIe 3aMeHs! § = N7 B uATerpastax B (2.16) noryunm

I (_1)bn(2\/ﬁ)a—2rb(2ﬂ.)b—li /,u,—|—ioo

il sin® mnr - ctgy mnT - e (D)
ne- —100

(14 2r + 1)%2(—1 4 2r + 1)¥/2

—1
(7 + 1)(at0)/2(7 — 1)(a+b)/2 (1+0(n™)dr,

rue ¢pyexmus f(7) onpenenera B (2.12) u yp = M/n € R — npousBosbHAS TOCTOSHHAS
n3 vaTepBasa 1 < 4 < 2r + 1. Jlemma nokazaHa.

CoracHo yTBepK eHuIO 0) jgeMMbl 2.2 uaTerpad (2.11) MOXKHO IPEACTABUTD B BILIE

~9m Z ck/ n(f(T)_k”T)g(T) dr, ¢ =c_g, (2.18)
T

rae CyMMMPOBaHME IIPOUCXOOUT TOJIBKO 110 k, MMEIOIIM TY K€ YeTHOCTh, YTO 1 YMCJIO b,
mpudeM c_p = ¢ = 0B ciryuae b > 1.

JIEMMA 2.6. Jag p, A € R, 1 < p < 2r + 1, u 4ea020 nosoncumesynozo n
ONPEeAUM BEAUNUNY

1 putico )
In,x = —/ eI (M) =Amim) g (1) dr. (2.19)
271 HL—100
Tozoa
Jn,—A = Jn,)n

20e yepma Ceepry o3navaem KoOMNAEKCHOE CONPANCEHUE.

JTOKA3BATENBLCTBO. [lns ananurmaeckux B C\ ((—oo, 1]U[2r + 1, +00)) ¢ysKImit
f(7), g(7), IpuHIMAOMIX BeIeCTBEHHbIE 3HaUeHyst Ha naTepBadte (1, 2r+ 1), BocnoJs-
3yemcs npuErmnoM cuvmerpr [[IBapma (eum., Hanpumep, [24, ria. 111, § 7, npemnosxe-
mwe 7.1]). Torna nocie 3amenst 7 — 7 B uaTerpase (2.19) noryunm

p+ioco B . 1 ptioco _ N
oy = _/ (M) =Amif) g (2 47 — —— en(f(F)=Amit) g2y 4
©—100
T /,L+1, -
- n( f(r)+Amit) [\ dr — -
27'('7: n—ioco (T) T= Jn, A

YTO U TPEDOBAJIOCH JTOKA3ATh.

CHENCTBUE 2.1. Unmeepan (2.11) npedcmasum 6 sude

b
I=-2 Y cgRedny, (2.20)

k=0
k=b (mod 2)

20e ¢ — nexomopuie (payuonanvhvie) nocmosnuse, npuvem ¢ = 1 dag b =1 u
cb=0,cp_2F#0 dagb> 1.
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JTOKA3ATEJILCTBO. Tpe6Gyemoe npencrasienue (2.20) HEIOCPEICTBEHHO CIIELYET
U3 yTBEePXK IeHVs 0) seMMbl 2.2, popmyast (2.18) u semmbr 2.6.

3aiiMeMCs BLIUMCJIEHMEM ACAMITOTUKYA KaXKJIOr0 M3 MHTErPAJIOB B MPABOUM YaCTH
(2.18) ¢ momombio MeTona nepesasa. s 9TOro HaM MOHANOBATCS CEIIIOBBIE TOYKU
HONBIHTErPAJILHBIX (Y HKIAA — HyJIX NPOU3BOMHBIX Qyrkrmii f(7) —kwit, k = 0,£1,. ..
..., Eb, k =b (mod 2). Kak HeC10:KHO yOemuThCsi, BCE KOPHU IIPOU3BOIHOM

%(f(T) — kmit) = blog(t + 2r + 1) — blog(—7+ 2r + 1)
+(a+0b)log(t — 1) — (a+b)log(T + 1) — ki,

k=0,£1,...,4£b, k=0 (mod?2),
OMHOBPEMEHHO ABJIAIOTCA KOPDHAMM MHOI'OYJIECHA
(T +2r +1)°(r — 1)**® — (r — 2r — 1)®(7 4+ 1)2F?, (2.21)

00IIIee KoJIMIeCcTBO KOTOPBIX PABHO €ro cremenu a + 2b — 1.

JIEMMA 2.7. Ilycmb a,b,r — yeavie nosoncumenvrvie wucaa, a + b wemmno,
a > 3rb, u dynxyus f(1) onpedesena 8 (2.12), z0e coomsemcmeyowue semeu
aozapugmos 8 paspezannot naockocmu C\ ((—oo, 1]U [2r + 1, +00)) npurumaiom
sewecmeennle snavenus na uwkmepeane (1,2r +1). Tozda ypasrenue

f(r) = Ami=0, A ER, (2.22)

umeem:

a) Napy CUMMEMPUYHBLE OMHOCUMEALHO MHUMOT 0CU BEULECMBEHHBT PeUeHUT
—po £10 u pg 0ag X =0, 2de uo € (1,2r + 1) u snax + (swax —) e zanucu +i0
omeeywaem eepruemy (Huxcnemy) bepezy paspesa (—oo, 1];

0) Napy CUMMEMPUUHBLE OMHOCUMENLHO MHUMOT 0CU BeUeCMBENNBLL PeweHul
—p1 £40 w pg £90 dag A = +b, 2de puy1 € (2r+1,4+00) u snak + (3nax —) e sanucu
+i0 cosnadaem co snaxom A u omeevaem seprrium (HuNCHUM) bepezam paspeszos
(—o0, 1], [2r + 1, +00);

B) sewecmeennoe pewenue +i0 dag A = +(a+b), zde snax + (snax —) 6 zanucu
+i0 coenadaem co snaxom A u omsevwaem eepruemy (Humchemy) bepezy paspesa
(_007 1]7

r) 00HO peuwenue Ha MHUMOT 0CU OAT BEULECNBEHHBL N, YO0BAEMBOPAIOULUL
nepasencmey b < || < a + b;

) Napy CUMMEMPUYHBLE OMHOCUMENbHO MHUMOT 0CU KOMNAEKCHBE Peulenud
0ad sewgecmeennuls A, ydosaemeopsouur wepasencmey 0 < |A| < b.

IIpu smom ece pewenus ypasnenus (2.22), omeeuaiouue nNosoHCUMENLHBM N,
aexmcam 6 noaynaockocmu Im7 > 0, a omeevanwue ompuyamesswuim X\ — 8 no-
aynaockocmu Im7T < 0. Bce pewenus ypasnenud (2.22) ucuepnueaiomes wabo-
POM 2)—I).
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JTOKA3ZATEABLCTBO. Ilockombky

() =blog(t +2r +1) —blog(—7 + 2r + 1)
+ (a4 b)log(t — 1) — (a + b) log(7 + 1) (2.23)

ulogz =log|z| +iargz, —m < argz < T, IUIA TIABHOM BETBU JIOTapuPMa ¢ PA3Pe30oM
(—00, 0] B z-m0cKOCTH, TIMEEM

7+ 2r + 1°|7 — 1|2 *P

"(7) =1 2.24
Ref(T) Og‘_T+2r+1|b|T+1|a+ba ( )
Im f'(7) = barg(T + 2r + 1) — barg(—7 + 2r + 1)

+ (a+b)arg(t — 1) — (a + b) arg(T + 1), (2.25)

[pUYeM BCe apryMeHThI arg( - ) IPYHUMAIOT HyJieBble 3HaueHus Ha narepsadte (1, 2r+1).
IeomeTpuueckas aTepnpeTamys GopMysst (2.25) B 0603HAUEHNSIX PUC. 2 MIMEET BUI

Im f'(7) =b(B- + B1) + (a+b)(ay —a_) =b(r = f) + (a+b)a,  (2.26)

OTKyZa, B yacTHOCTH, ciemyet, uto Im f'(7) > 0 B momymnockoct Im7 > 0 u
Im f'(7) < 0B moaymrockoctu Im 7 < 0. Kpome Toro, cormacuo (2.24), (2.26) Mmaoxkec-
TBO pemnreHuii ypaBHeHus (2.22) mis KaxI0ro A CUMMETPUYHO OTHOCUTEIHHO MHAMOM
0CH, 8 CUMMETPUs T —> T MEPEBOIIAT €r0 B MHOKECTBO pellenuii ypasrenus (2.22) ¢ 3a-
Menoit A Ha — . [TosToMy Hammm maJsibHEHAIE PACCY 3K IEHUS OTHOCATCS K Cirydaio A > (
¥ BEPXHE MOJIYIIOCKOCTH, 8 CUMMETPUS OTHOCUTEIHHO NefCTBATEILHON OCU I€PEHO-
cut ux Ha cayyait A < 0.

Im

- - + +
—2r —1 -10 1 2r+1 Re

Puc.

OrmeTnM Tak¥Ke, uTo JH000€e pemenve ypasaerus (2.22) cormacuo (2.23) sBisercs
KOPpHEM MHOI'OYJIECHA

(T4 2r + 1)P(r — 1)2F — A (—7 + 27 + 1)b(r + 1)0F° (2.27)

cremenu a + 2b— 1, ecsiu \ — 11eJ10e UmCII0, IMEIOIIEe TY ¥Ke YeTHOCTD, UTO U b, ¥ CTeIeHn
a + 2b B npotuBHOM ciyuae; npu A = b (mod 2) sTot MuOrOUNeH coBnamaer ¢ (2.21).
a), ) IIpu A = 0 (unm, 4ro T0 Ke camoe, npu A = a + b) MEOrOWIeH (2.27) sBIsiercs
HEYeTHOHN (yHKIMeN, mo3TOMY MMeeT KOopeHb (; cooTBeTCTBYyIOmEee pemenne +40 ypas-
Hervis (2.22) orBeyaer A = a + b, Tak Kak @ = 3 = 7 B (2.26) s 7 = 0. Boramcisis
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3HAUEHNA MHOTOUJIEHA B TOYKAX 1,27 4+ 1 1 mOJb3ysACh €ero HEYETHOCTHIO, MOJIyYaeM,
YTO 2TOT MHOTOUJIEH 00JIa,1a€T Napoli BEIeCTBEHHBIX KOPHEH + g, Tre po € (1,2r+1).
B nanbreiimem nokaxkem, 4To [ig — €AMHCTBEHHBINA BEMECTBEHHDIN KOPEHb HA MHTEPBAJIE
(1,2r+1),HO 10 TE€X MOP MBI OyIEM CUUTATE fig OJIMKAUIIMM K TOUKe 27 + 1 BermecTBeH-
HBIM KOPHeM MHOrousesa (2.27) mpu A = 0 Ha ykazauzom unrepsase. Cormnacao (2.26)
pemmenus — g + 10 u g orBevaror A = 0 B ypasuenuu (2.22).

6) AHAJIOrMYHO, BBIYMCIISS 3HAUEHNsI MHOrOuiIeHa (2.27) npu A = b B Toukax 27 + 1,
400, TONIyYaeM, UYTO TOT MHOTOUWIEH 00JIanaeT mapoii BemeCTBEHHLIX KOpHEH +ji1,
IpUYeM KOPeHS (17 € (2741, +00) MBI (BpeMeHHO) cumrTaeM OJrikaiimM K Touke 27 + 1
CpeIr OCTAJbHBIX KOpHed u3 maTepBana (2r + 1,+o00). Cormacuo (2.26) pemerus
—p1 + 40 m pq + 90 orBewaroT A = b B ypaBaernuu (2.22).

B ciyuae a > 37b MOXKHO yKa3aTh JIyUILYIO JIOKAJIN3AIAIO KOPHS [41, IMEHHO [1] €
(2r 4+ 1,4r + 1). JelicTBurensro, 3uauerne MEOrowIeHa (2.27) B Touke 47 + 1 paBHO

(67 +2)°(4r)F0 — (27)° (4r +2)37° = (27)°(4r) ot ((3+%)b— <1+ g)a%) <0,

TaK KaK

1 3 1
(3r+1)log<1+2—) :410g§>210g2:10g(3+—> npur = 1,
r r

1 3r+1 7 1
3 1)1 1+ — > - >2log2>1 3+ — =2
(3r + )0g< +2r) >27ﬂ_|_1 5> og2 > og( +r) opu r

(MI)I BOCHOJIB30BAJICh 9JIEMEHTAaPHBIM HEPABEHCTBOM

= <1 1+1 <1 (2.28)
(o) — —, .
n—+1 & n n

CIIpaBEIJIMBBIM MJIS BCEX OEJIBIX ITOJIOZXKUNTECIIIbHBIX n) ", 3HQUUT,

1 1 1
1 1+— | > 1)bl 1+ — | - .
(a+0b) og< +2r> (3r+1)b 0g< +2r> >b0g<3+r>

r) Ha mammoit ocu cornacuo (2.24) semounueno Re f/(7) = 0. Korzma Touka 7 npo-
beraer sny4 1y, y > 0, yriml «, 8 BHenpepbBHO yobmatoT ot 7 10 0. IlosTomy ¢pymRIIA
Im f'(7) = b(r — B) + (a + b) npuHUMAET BCe TPOMEKY TOUHbIE 3HAYEHUS HA UHTEP-
Baste (brr, (a + b)7); B YaCTHOCTH, IULS KAYKIOTO BEMIECTBEHHOTO A, b < A < a + b, MbI
HOJIyYaeM [0 KpaiiHell Mepe OHO perneHve ypasHenusi (2.22), sexkalinee Ha MHAMOM OCH.

1) 3aiiMeMcsi Tenephb JOKAIU3AIel KOMIUIEKCHBIX perennii (2.22), 0TBeUaromux Be-
mecTBeHHbLIM A, 0 < |A] < b.

IIpoBenem B BepxHEl MOIYIIOCKOCTH IOJIYOKPYKHOCTD C IIEHTPOM B TOoYke 21 + 1
pamyca 2 ,rne < r. Ilms Touek T = x + 1y HA DTOU NOIYOKPYKHOCTU BHITOJTHEHO

| —7+2r+12=42 |r+2r+12=4 24+4(2r + 1)z,

T—12=42+4rz—4r(r+1), |[7+12=42+4Fr+ Dz —4r(r+1),
(2.29)
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3HAYWT, BBULY (2.24)

(24 ©2r+1)2)b 24rz—r(r+1))th
(24 (r+1)x—r(r+1))atd

2Re f'(1) = log (2.30)

O603maunM ¢yekmo B (2.30) uepes f(z), 2r +1 —2 < z < 2r+ 1+ 2 ; Kax
¢YHKIMA OT IEpEMEHHOU T OHA MOHOTOHHO BO3PACTAET, IOCKOILKY

() = b(2r +1) N (a+0b)r B (a+ b;

2+ @2r+1z 24rz—r(r+1)  Z+(r+1

(r+1)
x—r(r+1)

b(2r + 1) (a+b)(r(r+1)— 2)

2+ 2r+1z (24rz—r(r+1))( 24+ (F+Dz—r(r+1))
_ 4b(2r +1) 16(a+b)(r(r+1)— 2)
ST+ 2r+1)2 |7 — 1127 + 1|2

> 0.

CenoBaTesbHO,
f@r+1-2)<fx)<fr+1+2), ze@r+1-2,2r+1+2), (2.31)
U Ha HAIIEH 0Ly OKPY ¥KHOCTU BBIIOJIHEHO
Ref'(2r+1—2 )<Ref'(r)<Ref'(2r+1+2 +10). (2.32)
Brioepem = (g1 — 2r — 1)/2,tme p3 € (2r + 1,+00) — BemeCTBEHHBIA KOPEHD
MHOrowiena (2.27) npu A = b; kak ObuIo moKa3aHo Bemme, 2r + 1 < pyp < 4r + 1

B ciaydae a > 3rb, T.e. ycaoBue < r Bemouasercs. [lostomy cormacuo (2.32) mus
TOYEK [OJYOKPYKHOCTU MEEM

Re f'(1) < Re f'(p1 +i0) = 0. (2.33)
Kpowme Toro,
. ! .
T_1>121£1+1 Re f'(7) = +o0. (2.34)

Brmyctym n3 Tourm 27 + 1 B BEPXHIOIO IOJIYIIOCKOCTD JIYUM; HA KaXKIOM TAaKOM
Jyde B 00JIaCTH, OrPAHMYEHHON OCTPOEHHOM MOJIYOKPYKHOCTHIO U I€ACTBATEILHON
0Cb10, cornacHo (2.33) u (2.34) comnepxurcs Touka 7, B kKotopoii Re f'(7) = 0. Takum
06pa3oM, B yKa3aHHON 00JIACTU 3aKJIIOUEHA YACTh HEMPEPHIBHO Mu)(hepeHnpyeMoit
KPUBOK
|7+ 2r + 1/°|7 — 1]o+?

/ _ —
Re f (T)_log|_7_+27._|_1‘b|7-+1‘a+b -

(2.35)

(cM. puc. 3, rme yKa3aHHAS YaCTh KPUBOW JIOKAJIM30BaHa coriacHo (2.31) mexmy aBy-
MsI IIOJLyOKPY KHOCTSIME, OTBevarommvu = (u3 — 2r — 1)/2m = (2r + 1 — po)/2).
Cornacro (2.26) 3nauenws Im f/(7) Ha 90l KpUBOI NpU MOAXONE K NEACTBUTEIHHOM
ocu pasabl 0 (B Touke jig) u b (B Touke ). Caenoarensuo, Im f(7) npuamvaer ua
KPUBOM BCe TPOMEXKYToUHbIE 3HaYeHust Mexx ay 0 u b, T.e. 3Hauenus Aw, rae 0 < A < b.
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Im

0 1 0 2r+1 1 4r +1 Re

Puc.

TeM caMbIM MbI YKA3aJI1 PEIeHns ypaBHeHus (2.22) Ui TaKuX \; CUMMETPUYHBIE OT-
HOCUTEJIBHO l\A:HIIlV[Oﬁ OCH TOYKU TaKKe ABJIAIOTCA PEINCHUAMUA.

Taxum 00pa30M, MBI YKa3aJIU BCE PEIIeHus1 ypaBHerus (2.22) u3 Habopa a)—I), v [Is
3aBEPINEHNsT TOKA3ATEIHCTBA HEOOXOIMMO MOKA3ATh, UTO APYTUX PEMIeHui He CyIIec-
TByeT. [Ipemmosoxum, 4o 3TO He TaK, T.€. U HEKOTOPOro \g € R cymectByer eme
OIIHO He yYTeHHOE B HAOOpe a)— 1) pemenvie ypasaerus (2.22). Kak 66110 oTMeueHo, 910
pelenve ABIAETCS KOpHeM MHOorouieHa (2.27) ¢ A = Ag. Ilokaxkem, uTo HAOOD a)—n)
CONEPYKUT KOPHU MHOTOUIeHA (2.27) B KOIMUYECTBE, PABHOM €r0 CTEIEHN, UYTO BCTYIIAT
B IPOTUBOPEUNE C HAJINUMEM JONOJTHATEILHOTO HEYYTEHHOTO PEIIeHIS.

Ecau unciio g He SBIISETCS NETbIM, TO UIMEEM ¢ MHUMBIX DEIIEHVI U3 T'), OTBEUAIO-
mux A = Ag (mod2), b < |A| < a + b, u b 1ap KOMIUIEKCHBIX PeIIeHunit U3 1), OTBeYa-
ommx A = Ag (mod2), |A| < b. CnenoBaTennHo, 00 KOJINUECTBO COTEPIKAIMXCS B
Habope I), 1) KopHEeH MEOrOwIeHa (2.27) ¢ A = \g PaBHO CTemeHr MHOTOUJIeHa a + 2b.

a5 1es10ro (KaK 4eTHOro, TaK U HEYETHOT0) \g pernenue ypasrerus (2.22) c A = Ao
OIHOBPEMEHHO SABJIACTCA KOPHEM MHOTOUJICHA,

(7 +2r +1)20 (7 — 1)2(a+8) _ (7 — 29 — 1)2(7 4 1)2(a+?), (2-36)

Jl3151 TOr0 MHOTOUJIEHA HAM IEHBI BA, BEIIECTBEHHBIX KOPHS {4 U3 &), JIBA BEIIECTBEH-
HBIX KODHsI 1-/41 13 6), OIMH BerecTBeHHbIN Koperb 0 u3 B), 2(a— 1) MHUMbIX KOPHEH u3 1)
7 4(b — 1) KOMIUIEKCHBIX KOpHEH 13 1I); 00lee KOJIMIeCTBO KOpHEil MHOrouiera (2.36),
COMEP¥KAIMXCS B HAOOPE a)—1), PABHO ero cremeru 2a + 4b — 1.

TaxumM 06pa3oM, Jrboe pemmerre ypaBHerus (2.22) 06513aTebHO CONEPKUTCS B Ha-
6ope a)—n). [losyyeHHOE IPOTUBOpPEUVE 3aBEPIIALT NOKA3ATEIHCTBO JIEMMBIL.

3AMEUAHUE 2.2. 3amMeHa MCXOMHOTO OrpaHwdenHus a > 2rb ma Gojee cuiabHOE
a > 3rb B memme 2.7 TOTPe6GOBAIOCH TOJHKO MJIS JOKAJIU3AIMMN KOPHS (1. LloaTomMy
jJeMMa 2.7 0CTaeTCsI CIPABEIIMBOM U B ciiydae a > 21b, eciiv BLIIOJIHEHO yCIIOBUE

p1 < 4r+1. (2.37)

CHENCTBUE 2.2. Muoxcecmeo mouex T € C, das komopuz evinoaneno (2.35),
npedcmasasem coboll MHUMYI 0Cb U NAPY 3AMKEHYMBEL KPUSHLL, CUMMEMPUYHBLE
omuocumenvho mhumotl ocu (cm. puc. 4).  Kazannvie Kpusve 0eadTm KOMNAEKC-
HYI0 NAOCKOCTND HA wemupe uacmu, 8 Kaxncdod uz xomopuz snax Re f'(7) nocmo-
AHMBLU.
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Im
Re () ©
Re /() 0 Re () ©
— 1 - 0 0 1
—2r—1 -1 1 2r +1 Re
Re /() 0
Puc.

CIHIENCTBUE 2.3.  100a4 NOAYOKPYHCHOCTD 8 8ePTHET NOAYNAOCKOCTU C YeHM-
pom 6 mouxe 2r + 1 paduyca , 2r +1 — pug < 2 < py — 2r — 1, nepecexaem
kpusyio (2.35) (cm. puc. 3) 8 mounocmu 6 00Ol MovKe.

JTOKA3ATEJILCTBO. OTO yTBEPXKIEHWE CIENyeT U3 HepaBeHCTB (2.32) um MOHO-
torroctu Qpynkmu Re f/(7) Ha m060i Takoi 1OIyOKDPYKHOCTH.

JIEMMA 2. . Ilycmy a,b,7,n — yeavie noroxcumensvuve wucaa, a = 2rb, dynx-
yuu f(7),9(7) onpedeaenn 6 (2.12), (2.13) u p, A € R, 1 < p < 2r +1, [A] < b.
Tozda xonwmyp unmezpuposarus ReT = u e unmezpane

ptioco )
/ MmN g () g (2.38)
pn—100
Moucem bumy 3amenen Ha A00l Opyzol Kowmyp , coedunsiouull beckoneuno

yodarenwmvie mouku 6 obaacmsaxr Rer > p, Im7 < 0 uw Re7 > p, Im7 > 0 u nepe-
cexauull deticmeumenvhyio ocb 8 eduncmeenkoll mowke T = p. B wacmnocmu,
KOHMYD Mmoxmcem npoxrodumy no eeprremy u (uasu) HuxcHemy bepezy paspesa
[2r + 1, 400).

ITOKA3ATENLCTBO. lnsa mroboro BemecTBeHHOTO N > (1 COEMMHUM TOYUKY UCXOI-
HOTO KOHTypa Re7T = p u HOBOrO KOHTypa  mByms mayramu pamuyca N ¢ MeHTPOM
B HauaJe KOOPIVHAT; COOTBETCTBYIOIINE TOUKY II€PeCedeHrsi ¢ KOHTYPaMy 0003HAUM
uepes M1 u 4 (cm. puc. 5).

Kpusomvmetinse Tpeyronmbavku My u pM_  _ He comep:KaT BHyTPU OCOOBIX
TOYEK MOIBIHTErPAILHOH ¢yHKIww B (2.38). IlosToMy mist noKa3aTeNbCTBA JIEMMBL 10~
CTATOYHO MTOKA3aTh, uTO Ipu N — 00

/ en(F(M=2Amim) g1y dr — 0, / ePF(M=ATT) () dr — 0, (2.39)
M M

rne 4 MiuM_ _ — nyru okpy>KHOCTH pasmyca [N ¢ IeHTPOM B HadaJle KOOPIUHAT.
Ha myrax My u M_ _ okpyxsoctu T = Ne'! Bumosaens repasenctsa 0 <

t <m/2u—m/2 <t < 0coorBercTBenHO (3HaYeHMe { = () IPUHUMAETCS HA BEPXHEM U

HUKHEM Deperax paspesa [2r + 1, +00)). Ioab3ysich popmyaoit Teitnopa, Haxomm

: , —it
log(T + 1) = log(Ne*t + 1) = log(Ne™) + 1og<1 + eN )
e i 1
=log N +it + N +O<ﬁ)’ (2.40)
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Im M,
+
1 2r +1 N Re
M_
Puc.
et 1
log(7 — 1) =log N + it — N +O<ﬁ>’ (2.41)
. . 2r + 1)e~ %
log(7 + 2r + 1) = log(Ne" + 2r + 1) = log(Ne'*) + log (1 + %)
2r + 1)e”* 1
:1ogN+it+%+O(m>, (2.42)
log(—7 +2r+1) = 7i+log(Ne® — (2r + 1))
2r + 1)e™* 1
= 7ri+10gN+it—%+O<m), (2.43)
rzue 3HaK — (3HaK +) B 3amucu 74 B (2.43) orBevaer nyre My (myre M_ _) co-

riacHo BEIOODY BeTBeit orapudma. [ocrosmran s O(1/N?) B popmymax (2.40)—(2.43)
ABIsIeTCA ABCOMIOTHOM, TaK Kak |e ‘Y| = 1 mua BemecTBeHALIx . [loncTaBisas Haiinen-
HbIe pa3ioxkerus B (2.12), noryuaem

f(r) = f(Ne')
(log N +it)(b(r+2r + 1) +b(—7+2r+ 1)+ (a+ b)(t = 1) — (a + b)(T + 1))
+ e;t (b(2r +1)(7 + 2r + 1) — b(2r + 1)(—7 + 2r + 1)

—(a+b)(t—1)— (a+b)(r+1))

I

i b(—T+2r +1) + (a—2rb)210g2+0<%>

N - 1
= —2(a — 2rb) <10g 76 + z't) + bri(Ne' —2r — 1) + O (ﬁ)’
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rne 3HaK b7 coBmamaer co 3HakoM t (u sint). CremoBarenbHO, Ha myrax My u
M_ _ mpu N — 0O BBIIOJIHEHO

bl

N 1 1
Re(f(7r) — Amit) = —2(a — 2rb) logTG — (b A)mN]|sint| + O(N) < -

T'JIe MbI BOCIOJIb30BAJIUCEH HepaBeHcTBaMu a > 2rbu |A| < b. Takum oGpasom, 1uis Beex
IOCTATOUHO O0abmuX N CIpaBemInBa OIEHKa,

en(F(M=AmiT)| Z gn (F(T)=AmiT) o (2.44)

st pyskmwm (2.13) va niyrax 4 My uM_  _ BOCHOJIB3yeMCs TPUBAAILHOM OLEH-
KO

Nb/2 Nb/2 1 1
lg(7)| = O<N(a+b)/2 N(a+b)/2) = O(ﬁ) = O(m) mpu N — oo, (2.45)

Tak Kak a > 2rb > 2. IlockombKy mmmaa Kaxmoit u3 myr My uw M_  _ =He mpeBoc-
xomut wIN/2, cornacuo onerkam (2.44), (2.45) kax nbiif u3 vaTerpasos B (2.39) umeer
nopsinok O(1/N). 91o noka3biBaeT OpeneibHble COOTHOmeHns (2.39) 1 3aBepuraeT no-
Ka3aTeJIbCTBO JIEMMBbI.

JIEMMA 2. . IIycmb a,b,r — yeavie nosomcumenvrvie wucaa, a = 2rb, dynx-
yuu f(7),g(7) onpedesennr 6 (2.12), (2.13) u X € R, |A| < b. Ipednoaroxncum
donoanumenvho, wmo sewecmeennue Kopuu o € (1,2r +1) u py € (2r 4+ 1, 4+00)
mruozouaena (2.36) yoosaemesopsiom ycaosuio (2.37) u ycaosuio

po+ pi—1= . (2.46)
Tozda acumnmomuueckoe nosedenue unmezpaara (2.38) ¢ u = g npun — 0o onpe-

deasemces eduncmeennoll mowkol nepesana 7o — pewenuem ypaerenus (2.22) — a
obaacmu Im7 > 0. Boaee mouno, cnpagediusa acumMnmomuieckas Gopmyaa

1 u +ioco

Jnx = 5= en(f(M=Amir) g (1) dr
271 4 —ico
= (20) V2" (ro)| V2™ (Dlg(rp)| e F I)F (T)tin mf(r)
X ’17,_1/2 (1 + O(n_l)) npu n — o0, (247)
20e

fo(r) =f(r) = f'(1)T
=b(2r+1)log(t+2r+1) +b(2r + 1) log(—7 + 2r + 1)
—(a+0b)log(t +1) — (a+b)log(t — 1) + (a — 2rb)2log 2. (2.48)
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JTOKA3ATENBLCTBO. OrpaHuymMcs IOKa3aTeIbCTBOM JeMMbI st A > 0, Tak Kak
BCe MAJIbHEHIEe BLIUUCIICHAS IIEPEHOCATCS Ha, caydait A < ( 3epKajJbHBIM 0TOOpazKe-
HIEM OTHOCUTEIHLHO BEIECTBEHHOMN OCH.

CoracHo semMe 2.8 3aMEeHIM KOHTY P MHTerpUPOBaHUsA B (2.38) ¢ 4 = 10 HA KOHTYD,
COCTOSIINIA M3 IPSIMOJIMHENAHBIX Tyuyelt u 0Tpe3koB. OTMeTum cpaly, YTo IPOU3BOIHAS
dymxmm Re f(7) Ha Kax10M TaKOM IPAMOJIMHERHOM yuacTke T = 71 + € ¢, 1 € R,
3anaeTcsa GopMmyIIon

d df(r) dr df(r) / ’ .

” Re f(7) = Re ” Re< % " dr Re f'(7) cos m f'(7) sin
(2.49)

Ecmu A = 0, To Touka p ABIAETCS €NVHCTBEHHON TOYKON MAKCHMYyMa, ()yHKITIV

Re f(7) Ha mpsmoii T = g + it, —00 < t < +00, HOCKOIBKY

d
" Re f(7) = —Im f'(7)

u ¢pyskmms Im f'(7) npurrMaer oTpunaTesbabe 3HaYeHUs B obaactu Im 7 < 0 u mo-
soxkuTeNbHBIE — B obsacTt Im 7 > (0. Takum obpa3om, B cirydae A = 0 mosb3yemcs
HCXOIHLIM KOHTYpoM Re 7 = po.

Eciu A = b, T0 mis kouTypa uETErpupoBanus B (2.38) ¢ 4 = po 3aMeHUM Iy,
VIYIIAL U3 TOYKH [ig B fho + 100, HA JIYY, YXOMSAIIINA U3 [4g B 400 BIOJIL BEPXHErO Gepera
paspesa [2r + 1, +00). Ha yuactke 7 = g + it, —0o < t < 0, pyHKIms

Re(f(1) — AmiT) (2.50)
BO3DACTAET, IOCKOJILKY
d , ,
T Re(f(r) = Amit) = —=Im f'(7) + A > Ar > 0. (2.51)

Ha yuactke 7 = ¢, po < t < 400, dpyskuust Re(f(7) — Amit) = Re f(7) umeer
€IMHCTBEHHYIO TOYKY MAKCUMYyMa P t = ji1 COTJIACHO JieMMe 2.7 U CIeNCTBUIO 2.2.

Im
0 Re () 0
Re ' 0
) o+ 2-1
0 1 0 2r +1 1 Re

Puc.
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Ocranock pacemorpets cayuait A € (0, b). 3amMeHuM J1yd OT fo K flo + 00 HA OTpe-
30K T = Uug + et t,0 <t < ,ug — 1, mpoxonsmmii uepe3 TOUKy mepeBaa To (emuH-
cTBerHOe permenue ypaprerns (2.22) B obmacta ReT > 0) maya T =e*  pd — 1+,
o < t < +o00. CorsacHo ciencTsuto 2.3 ay4d 7 = g + e’ t,t > 0, mepecekaeT Kpu-
Byio Re f/(7) = 0 B Tounoctu B omHO# Toure (nmerHO T0) 10 < < 7/2. Kpowme toro,
COTJIACHO yCIoBuIO (2.46) TOUKA T( SABJISETCS BHY TPEHHE TOUKOM YKA3aHHOIO OTPE3KA
(cm. puc. 6). Ha myue 7 = pg + it, t < 0, ¢pysxmms (2.50) Bospacraer cormacuo (2.51);
masyde T = €' pd —1+1t,t > po, dyrxmas (2.50) yOLBaeT, TOCKOILKY

 Re((r) — Mmir) = Re(f'(r) — i) = Re f'(r) < 0

cOrJacHo cienctsuio 2.2, Takum 06pa3oM, I0CTATOYHO MOKA3aTh, YTO TOUKA, T — €IH-
CTBEHHAs TOUKa MakcuMyMa ¢yekmvm (2.50) Ha oTpeske T = g + et t,0 <t <t
roe t1 = ug — 1. Ilycts tp oTBewaeT ToOuke To = fig + e to Ha paccMaTpUBaEMOM
orpeske. CoryiacHo CIEnCTBUIO 2.3 MMeeM

Ref'(no+e' t) <0 mma0<t<ty, Ref(uo+e' t)>0 mmaty<t<t;.
(2.52)
ITokazkeM, UTo Ha pACCMAaTPUBaeMOM oTpe3ke Gpyukmws Im f(7) MoHOTOHHO BO3pac-
taeT. Jluist 9TOro CHOBa BOCIOJIb3y€eMCsl FeOMETPUYECKO uaTepupeTamnmeii (2.26) ¢pyHk-
mmr Im f/ (7). Ilpu Bospactammm t > 0 Ha Jyde T = g + €' ¢ yroax 3 MOHOTOHHO
y0nBaet oT 7 1o 0, a yroi o cHayasia Bo3pacTtaeT oT () 10 HEKOTOPOT'O (g, & IOTOM yOBbI-
BaeT oT g 10 0. [TokaxkeM, YTo MaKCUMaJILHOE 3HAUEHNE (g TOCTUTAETCA Ha, JIyde IPU
t = t1, OTKyna u OyneT cilef0BaTh MOHOTOHHOE BO3PACTAHVE (yHKIN

Im /(1) = b(r — B) + (a + b)a
Ha OTPEe3Ke T = [ig + et t,0<t <1y

Im

Puc.

Bce Touku 7 = 41y B BepxHEI HOIYIOCKOCTH, U3 KOTOPBIX BEIIECTBEHHBI OTPE30K
[—1, 1] BUumeH O 33, IAHHBIM YTIIOM (¥, PACIOIATAI0TCA Ha, {yT'e€ OKPYKHOCTH C IIEHTPOM
B TOUKe % ctg a pamayca 1/sina (reomerpudeckasi MHTEPIPETAIMS 9TOrO GAKTA UL
OCTPOTO yIJIa (x IPUBEIEHA, HA, PUC. 7):

z2 +y2 —2yctga =1,
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OTKYIIa
z24+9y2 -1

o = arcctg
2y

Ha 3anamaom myue x = pg +tcos ,y =tsin misat > 0; mosTomy

da (2rcos +2ysin ) -2y —2sin - (22 +y% —1)

ar - (o7 + 2~ 12 + (29)°

t> — (v - 1)
(22 + 42— 1)? + 4>

= —2s8in

TaK 4YTO MaKCUMAaJIbHOE 3HQYeHUE yroJl (¢ IPUHNMAET Opu ¢t = ug — 1.
3 morOTOHHOTO Bo3pacTranus ¢yekmvm Im f/(7) Ha oTpeske 7 = pg + €* ¢, 0 <
t < t1, caemyet, 9TO

Im f'(po +€* t) <A mma0<t<ty, Imf'(uo+et t)>Ar mmaty<t<ts.
(2.53)
Cobupas onerku (2.52), (2.53) u nons3ysics (2.49), noryuaeM, 9To ¢yHKIS

% Re(f(r) — Arir) = Re f/(r) cos — (Tm f'(r) — Ar) sin

Ha OTpe3Ke T = lg + et t,0 < t < t1, MEeHSIET 3HAK C IIIOCA, HA, MAHYC TOJHKO MTPU
Tepexozie 4epes TOUKy To = fig + €¢ to. CllenoBaTeLHO, TOUKa, Ty NeHCTBUTEILHO AB-
JISIETCSI eIMHCTBEHHOU TOYKOM MaKCMMyMa Ha OTPE3Ke 1 BCeM KOHTY e MHTErDUPOBAHNS,
COCTOSIIIEM U3 9TOT'O OTPE3KA U IBYX JIy4deil.

Jls1s1 nOKA3aTENBCTBA ACUMIITOTIUECKOR (pOpMyJIBI (2.47) BhIIUIIEM BKIIA,I TOUKY [1e-
peBaJa Tp:

(27‘(’)1/26___ f (r )|fII(T0)‘_1/26n(f(T )=AmwiT )Q(TO) n—1/2(1+0(n—1)) (2.54)

(cM., Hampumep, (23, §5.7, popmyaa (5.7.2)]); mpu aTom

b b a+b a+d
" _ _
f(T)_T—|—2T+1+—T+2r+1+T—1 T+1
(@ —2rb)72 — (2r + 1)(a — 2rb + 2ra)
=2 #0
(T2 =1)(72 = (2r +1)?)
B TOuKax T, 1t KoTopeix Re f/(7) = 0 (u, B wacTHOCTH, B TOUKE T). IloaB3ysich

PaBEHCTBOM

f(10) — Amito = f(70) — f'(70)70 = fo(70)

v BeLIess B (2.54) Momysb u aprymenT, nosyudaem (2.47). Jlemma nokasaHa.
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CJEONCTBUE 2.4. ITycmb evinoanenst ycaosud semmot 2.9 u, xpome mozo,

(mod7Z) wau Im fo(70) Z 0 (mod7Z). (2.55)

1 T
3 arg f" (7o) + arg g(r0) # 5

Toz0a 0as unmezpasa
1 1 © +ioco
ReJn,y = 5(‘]"’)‘ +Jn,-2) = —/ e (7 cos(AmnT)g(1) dr
"

BHLNOANAETNCA NP edeavroe CoomHouerue

— log|Re Jy A
hm _—
n

n— oo

= Re fo(To)

22(a—2rb)‘7.0 42+ 1|b(2r—|—1)‘ —To+2r+ 1|b(2r—|—1)
70 + 1|atb|m — 1]atb

= log .
(2.56)

Boaee mozo, 6 cayuae

—% arg f''(10) + argg(m0) = 0 (mod7Z) wu Im fo(70) =0 (modwZ)  (2.57)

unmezpan Jp x umeem sewecmaennyio acumnmomury (2.47) u, snawum, seprrud
npedea 6 (2.56) MOHCHO 3aMeEHUMD Ha 0OBLYHBLE.

JIOKA3ATEJLCTBO. Yciaosue (2.55) obecneunBaeT HEHYJIEBYIO NEHCTBUTEIHHYIO
gacTh Koo hdummenTa mpu 7~ /2 B acuvmToTIdecKoit Gopmyite (2.47) miisa GeCKOHEUHOI
[OCJIE0BATEILHOCTI HOMEPOB 1) IMEHHO Ha, 9TOH IIOCIIEN0OBATEILHOCTY U JOCTATAETCA
npenessHOe cooTHOmeHue (2.56). B ciyuae (2.57) riaBabii wien B acuvmroTvke (2.47)
SBIIAETCS BEIECTBEHHLIM YUCIOM, TAaK YTO cooTHomeHue (2.56) ¢ 3aMeHON BepxHEro
Iperesa Ha OOBIYHLIN CIIeyeT HemOCPEenCTBeHHO u3 (2.47).

IIpucTymm K popMyINpPOBKe OKOHUYATEILHBIX PE3YILTATOB O BEJIUIHE

—logllal  —— log |l
lim lim ——

w =

(2.58)

n— oo n n—o0 n

(cm. memmy 2.5). B eayuasx b = 1 u b = 2 pe3ysbTaThl IPUHAMAIOT IPOCTOR BUIL, A
BepXHUE Tpeneinl B (2.58) MEHSIOTCS Ha OOBIYHbIE; HO9TOMY MBI BBLAEJISIEM 9T CILy YAl
B OTIEJLHBIE YTBEPIK IEHIAS.

PEIUIO EHUE 2.1. Ilycmy b = 1, 1 noaoxcumenvroe yeaoe, a > 2r HEYEmMHO
upy € (2r+1,400) — sewecmeennnd Kopews mrozouaena (2.21). Tozda

1 I 92(a—2r) ) 1)2r+1 —9r —1)2r+1
gl (1 + 21 + 127 (= 27 127+

2.
n— oo n 8 (/111 + 1)a+1(u1 _ 1)a+1 ( 59)
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IIOKA3ATEJILCTBO. Bcanydaeb = 1 Ha KOHTYpe UHTEr PUPOBAHUSA 151 BEIUUCIICHUS
ACHMIITOTVIKY MHTErpaja Jy, 1 B IOKa3aTelbCTBe JeMMbI 2.9 (mya T = po +it, ¢t < 0, &
aya T =t,t > pg, naymmii no BepxaeMy Gepery paspesa [2r + 1, +00)) Touka T = g
SIBJLSIETCSI €IIMHCTBEHHBIM MakcumyMoM ¢yekmum Re f(7). Orcriona, B wactHOCTH, CIte-
nyet, uro f' (1) < 0 u, 3HauwT,

(mod 7Z).

1
—3 arg f"' (p1) = g

Kpowme toro, npu b = 1 s ¢pysakmmm (2.13) umeem

argg(p1) = —g u  Im fo(p1) = —(2r + ).

[Ipumensisi Teneps caenctBue 2.4 ¢ A = 1 u 79 = p1, TOIYyUaEM, UTO BBITOIHEHO yCJIIO-
Bue (2.57) u

. log|RelJ
n— o0 n
oTKyma cormacao dopmyie I, = — Re J,, 1 (cM. crencrsue 2.1) u memme 2.5 morydaem

npeznensHOe cooTHomenve (2.59).

PEIUIO EHUE 2.2. IIycmbv b = 2, r noaoxwcumeavnoe uensoe, a > 4r yemuo u
po € (1,2r + 1) - sewecmaennnd xopens mrozouasena (2.21). Tozda

log |1, | g 92(a— r)(lﬁo +9r + 1)2(2r+1)(_’u0 +2r + 1)2(27‘—{—1)

» = lim
n—oo  n (o + 1)32(ug — 1)a+2
(2.60)
ITOKA3ATEJLCTBO. B ciyuae b = 2 mmeem I, = —Jn,0,a TOUKA T = [ig ABJIAETCA
€IIMHCTBEHHBIM MAaKCUMYMOM Ha KOHTYpPe UHTETPUPOBAHUA T = Ug + ¢t, t € R, mna

BBIYMCJICHS aCMMIITOTUKM WHTEIr'paJia Jn,O B IIOKa3aTeJLCTBE JeMMEBI 2.9. HOSTOMy

f"(po) > 0 m, 3HaUwT,

1
—3 arg "' (o) = 0 (mod 7Z).

Kax merko zameturn,
argg(p1) =0, Im fo(p1) = 0.

[Ipumensisi Teneps caenctBue 2.4 ¢ A = 0 u 79 = Yo, TOIYyHUaEM, UTO BBITOIHEHO yCJIIO-
Bue (2.57) u

1 log |Jn,0
m ————-

n—oo n

= Re fo(po) = fo(po),

OTKYyZIa COTJIACHO JIeMMe 2.5 IOIydaeM mpenesbaoe cootaomenue (2.60).

JIEMMA 2.10. ITycmo eewecmeennnd xopews 1 € (2r + 1,4+00) MHozZoUsEHA
(2.21) ydosaemesopsem wepasencmey

br(r+1) r(r+1)

<2r+1+mi
LS A Ly 32+ )

(2.61)

Tozda 6 obaacmu ReT > 0, Im7 > 0 na xpusod (2.35) dynkyus Re fo(T) 6ospac-
maem Kax gynryus om ReT.
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JTOKA3ATEJNLCTBO. Kak G110 I0KA3aHO B IOKA3aTEILCTBE JIeMMBI 2.7 (CM. TakKe
ciencrsue 2.3), Ha raankoi Kpusoii (2.35) B obmact Re7 > 0, Im7 > 0 Besuuuna

= |t — (2r + 1)|/2, 7 = = + iy, MoxeT ObITH IPENCTABIEHA KAK HESBHO 33, JaHHAS
GYHKIWSA OT T, fo < T < [41, KOTOPas HEIPEPLIBHO MM (epeHrIpyemMa U BO3PACTAET.
IMoab3ysice popmymavu (2.29), (2.30), va xpusoit (2.35) nocie muddepeHmpoBaHys
[0 T TOJyJaeM

, b b a-+b a+b
( Sy @ De 2 Ztreor(ril) 2+(7“+1)ﬂ?—7“(7"+1))
+< br+1) (a+b)r (a+b)(r+1) )):O

2+ @2r+Dz 24rz—7r(r+1) Z2+(r+lz-r(r+1

VLIV IIOCJI€ HECJIOXKHBIX IIPe0Opa30BaHIIIA

o b(2r+1)  a+b _ b(2r +1) 2 (@+b)(r(r+1)— 2)
lT£@2r+1))2 |7x1)? |7 £ (2r+1)|2 T £ 12

(2.62)

Taxum 06pa3oM, Ha Kpusoii (2.35) dyakmro Re fo(7) MOKHO paccMaTpuBaTh Kak

¢GyHKIMIO OT Z, po < T < f41; B COOTBETCTBUM ¢ popmysamu (2.29)

2b(2r+1)( 2 (2T+1)x)b(2r+1)

fo(x) == 2Re fo(r) = 108;( 21 re —r(r +1))50( 2+ (r+ )z — r(r + 1))at0’

OTKyZIa ¢ noMoIibio (2.29) u (2.62) raxomim

% ,(0(2r+1 b(2r +1
Jo(z) =2 <( 2 : 2-|E(QT+)1):U
a+b a+b
2—|—r:v—r(r+1)_ 2+(7‘+1)x—r(r+1)>
( b(2r+1)* (a+b)r B (a+0b)(r+1) )
2+ (2r+ 1)z 2+rz—r(r+1) 2+ (r+ D)z —r(r+1)

= 32 '(22+(2r+1)$)( b(2r +1) a+b)

T+ @2r+1)2 [r+1]2
b(2r +1) 2 (a+b)(r(r+1)— 2))

+16(2r + 1) (

|7+ (2r +1)|? T £1)?
64 "(a+br(r+1) 32(a+br(r+ )z
|T+ 1|2 |+ 1|2
_ 32( 2+ (2r +1)x) ( b(2r +1) 2 (a+b)(r(r+1)— 2))
x |7+ (2r+1)|? |7+ 1[2

32(a + b)r(r + 1)

P 2 '—u). (2.63)
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Ha xpusoii (2.35) pyskmmss = (z) Bo3pacraer, Tak yro '

IPONOIIKAas nenouky (2.63), momyuaem

S 32024+ (2r+1)z) b(2r+1) 2

> 0. CnenoBaTesnHO,

(@+b)(r(r+1)— 2)

olw) > z TP o2ty £ 1)2
2(a+b)r(r+ 1)z
- ESE
_ 2b(2r +1)  2(a+b)((2r+1) 24 r(r+ )z —r(r+1)(2r+1))
T (24rz—r(r+1))( 2+ (+1)z—r(r+1))

Brioepem
b 1 1
= min rir+ ), r(r+1) ; (2.64)
2(a+0b) " 3(2r+1)
o ycioButo > 1 —2r— 1. Cormnacuo nokanusarm Kpusoit (2.35) (cum. ciencrsue 2.3)
MeeM

2r+1- <z<2r+1+, 0< <3,
OTKyIIa.
fa) s 22D 2at (@) At 1)
0> T T e s
b (a+b)2r+1+ )
>2(2T+1)(27‘+1+ A+ (= )1 )>

4br(r+1)(r— Yr+1—= )= (a+bd)(©2r+14+ )2

=2(2r+1)- dr(r+1)(r— )r+1-)2r+1+ )

(2.65)

HOHBByﬂCB TEIIEPb HEPAaBCHCTBAMA

br(r+1) > 5(a—|—b), ecim < %,
8(r— Yr4+1—)>@2r+1+ )% ecm < 737‘((2?;—:11)),

u3 (2.64), (2.65) okoEUATENLHO 3aKIOUAEM, 4TO f§(z) > 0. DT0 03HAUAET, UTO (yHK-
st Re fo(7) xak ¢yskmms or £ = Re 7 Bo3pacraer Ha KpuBoii (2.35), uro u TpeGoBa-
JIOCH TOKA3aTh.

PENJIO EHUE 2.3. IIycmb a,b,r — yeavie nosoncumenvuvle wucaa, a+b wem-
no, b > 3, a > 2rb, u sewecmeennn il Kopens 1 € (2r+1,400) mrozousena (2.21)
yoosaemsopsiom ycaosuiw (2.61). IHoaroxncum

22(a—27‘b)‘7.0 42+ 1|b(2r—|—1)| —To+2r+ 1|b(2r—|—1)
|70 + 1|atb|rg — 1]atb ’

» = log

20e T — KoMNaeKcHull Kopens muozousena (2.21) e obaacmu Rer > 0, Im7 > 0

C MaAKCUMaAbHo 803moncHol wacmuio Rety. Iycms, kpome mozo, ewnoamneno
yeaosue (2.55). Tozda

lim = . (2.66)
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JTOKA3ATEALCTBO. CornacHo (2.61) umeem p — (2r + 1) < r/3, Tak uro ycio-
Bust (2.37), (2.46) Bemouaenst. 1o xemme 2.10 HanGonbinee 3aavenve dpyakmmn Re fo(7)
Ha KOPHsIX MHOrouieHa (2.21) mocturaercs npu 7 = 7g, Uit KOTOporo A = k = b — 2.
CoruacHo caenctsuio 2.4 acuvmrorrka vHTerpasa (2.20) onpeneiseTcs BKIAIOM Be-
nuemHEL Re Jy, p—2, TAK KaK BKIAIB OCTAILHBIX BEIMYNH SKCIOHEHINAILHO MAJILI IO
cpasrernio ¢ Re Jp, p_2, a K03 dpummenT cp_ o B mpencranirervm (2.20) HeHy1€BOI B CO-
OTBETCTBUM C yTBepK IeHreM 0) semmel 2.2. CrenoBaTersHo,

= log|I]| T 10g|ReJn,b—2| _

lim = lim
n— oo n n— oo n

[Tprmensis Teneps gemmy 2.5, mosrydaem TpeGyemoe npenessHoe cooTHomerue (2.66).

§ . 1neHKM KO (PPUIUEHTOB JUHEUHBIX HOPM

[IepBbmM pe3ynbTaTOM OynET BEPXHASA ONEHKA I KO3 QQUITMEHTOB JINHEHAHBIX (OPM.

PEIUIO EHUE3.1. Ilyemb a,b, 7 — yeave noroxcumenvroe wucaa, a+b wems-
Ho, a = 2rb, aunetnue gopmu (1.5) onpedeasiomes coommowenusmu (1.2), (1.1).

Tozda 0as Koadpuyuenmos As, s =0 uau s =b+1,...,a+b— 1, cnpasedausa
0UENKA B
— log|As|
oSl - _
nli)moo S 2b(2r 4+ 1) log(2r 4+ 1) + 2(a — 2rb) log 2, (3.1)
s=0urus=b+1,...,a+b—1 neuemno.

Boaee mozo, 6 caywae wemnozo a oyewka (3.1) mouna:

. log|A,|
nli)moo — = 2b(2r + 1) log(2r + 1) + 2(a — 2rb) log 2, (3.2)

s=b+1,...,a+b— 1 neuemno.

ITOKA3ATEJLCTBO. Bocnosbsyemcs pasnoxenueMm (1.6), B KOTOpoM K03 hdurmen-
TBI MOT'YT OBITH BBIUKCIIEHBI C TIOMOIILIO (POPMYII

1 de—J
(R(t)(t + k)° k=0+1,.... + i=1.2....
((l—])' dta’_J( ( )( + ) ) t:_k7 ) ) ) n, J < y @

Ag,j =

[Ipexx e Bcero nokaxkem, 4To

. . ((2r + 1)n)!2b(2n)!a_2’"b
koo X, kel = [Aoa] = MECE) ' (3:3)

[Mockombky |Ago| = |A—g,o| sk = 0,1,...,n, IOCTATOYHO NOKA3ATh, YTO BEJIH-
unma |Ag o| yObmBaer ¢ pocroM k ot 0 no n. Ilocienmee yrBepikIeHue mpoBepsieTcs
HEIIOCPENCTBCHHO:
_ (@r+1)n+k)P (n—k+ 1)atb
Ak—14l  (@r+Dn—k+1)°  (n+k)atd

(( (2r + Dn + k) - (n—k+1))b. (n—k+1)a+b
(2r+1)n—k+1) - (n+k) n+k
((2r—|— n2 k(k— 1) 4+ n(=2rk + 2r + 1))”_ (n— (k — 1))““’
1

2r+1 —k(k—1)+n(2rk—|—1)

<1, k=1,.
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3apukcupyem reneps nesoe k, |k| < n, u 06o3naumm yepes g (1) sorapudmMudeckyro

npousBomayo Gpysxmm R(t)(t + k)*:

(2T’+1)TL 1 n 1

g)=b D b 3Ly
I=—2r+1)n l=—n
I#k I#k

Torma nna j =0,1,2,... MOZyTb BeTUIMHBI

1oa@ _, TG +b<2’§>" 1y
. - - TEAYES ) +1
gho e ey I=—(2r+1)n (b= k) l=n+1 k)
—~ (=1
‘ I_Z_n (I = k)i+t
£k

orpaHuYeH cBepxy uuciaoM 2(2rb 4+ a)n (Kaxkmoe ciaraemMoe B IPABOA YACTU TPUBU-
aJbHO oneHMBaeM emuauneit). [Tpumenss npasuito Jleiibruna s middepermmpoBanis

IPOW3BENEHVIS, HAXOIM

' ded —k
1 j—l 1 d] 1_mgk(t)
=3 Z 1 i—1— 'Ak:,a—m, ]—1,...,& 1,
J iz U=1=m)l der=i=m [, (3.4)
OTKYyIa
112
|Ak,a—j‘ < 2(27‘b + Cl)’n, = Z k,a—m|
J m=0
2@rb+an-  max . |Aga-ml, j=1,...,a=1. (35)
m_o,]" ’J

[Tonb3ysich METOIOM MATEMATUIECKON MHAYKIMY, 13 (3.5) HoIy4yaeM OHEHKY
i—1 .
Aparsl < @0+ am) ™ Agal, j=1....a

CaenoBaTenbHO, B COOTBETCTBUM € (3.3) BBIIOIHEHO

a—1 ((2r + 1)n)!20(2n)1e =270
|Ak,a—j| < (2(27"6 + a)n) 12(atD)

k=0,£1,....,4n, 57=1,...,a,

bl

otkyna coraaceo (1.11), (1.12)

1 a+b—2 2 a—1 ((2r + 1)n)!25(2n)1e—2rb
[As| <2 (2n +1)%(2(2rb + a)n) 5(at0) 7 (3.6)

s=0mwms=b+1,...,a+b—1.
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IIpenensvubie cootHOmerus (3.1) monydarores u3 (3.6) ¢ nomomsio popmysrst CTUPIIUH-
ra (2.17) mns 3aavennii I'(z) = (z—1)! npu nesIbIX TOIOKUTENHHBIX 3HAUCHUSAX 2 — 00.

Ecau mapameTp a sABisieTCs YeTHBIM YMCJIOM, TO s YeTHbIX j, 0 < j < a, u3
coorHomennit (3.4) npu k = 0 momy4aeMm |Ag q—j| > |Ao,q|; KPOMe TOrO, B Cirydae
YETHOT'O @ ¥ HEYeTHOrO S, b < s < a + b, Bce ciaraembie B npaBoii yactu (1.11) mmetor
OMMHAKOBLIA 3HAK, 3HAUNT,

|As| > |Aoal, s=b+1,...,a+b— 1 megerno.

TakyM 006pa3oM, Ipy YeTHOM @ IpUMeHeHre (popMyJIbl CTUDIIMHTA HaeT OIEHKY aCHAM-
OTOTVKY KO3 ¢uimeHToB smHeHHbX dopm (1.5) He TOJIBKO CBEpXY, HO U CHU3Y. DTO
IOKA3BIBAET IpeIeIbHbIEe COOTHOMEHYS (3.2) U 3aBepIIaeT HOKA3aTeIbCTBO IPEIIoKe-
HUSL.

Ouenka (3.1) oka3bBaeTCs MPUTOIHON Na¥Ke ISl HEYETHLIX 3HAYEHUH apamMeTpa a.
Onmako pe3ynbTaThl, MOJNyYeHHLIE B § 2, MO3BOJISAIOT BHIUUCIUTL ACUMIOTOTUKY KO3 (-
¢umenToB (1.11) u uisi HEYETHOTO @; UIMEHHO DTOMY ¥ HOCBSIIEHA OCTABIIASCS YACThH
aTOr0 naparpada.

JLnst meoro moJIOXKUTENLHOTO 1M B OKPECTHOCTH TOUKM ¢ = () copaBenmBO pasJo-

SKEHIe
sinmt ) 2™ &
( ) =y g (3.7)
T
l=m
(m) ] = 1 _ (m) _ 1
roe ; ’,l=m,m+1,...,~ HEKOTOPBIE BEIECTBEHHbIE UNCIA, IPAUEM 5, ~ = 1.

JIEMMA 3.1. ITycmv a newemno. Tozda kosfduyuenmu aunednod gopmu (1.5)
Y0084€MBOPTIOM PEKYPPERMHHM COOMHOULENUAM

3 —1\1 (_1\b i M+ o0 . 2m
fhm+b:_xmn+b DD /‘ <mnﬂ) R(t)dt

em!b-1)! 7 Jiv_oo s
@22 @)t @m+b— 1) () a—1
- @ml@ b1y L AR =L T
20e M > 0 — npou3soavHas eew,ecmeennas nocmosHHas.
JTOKA3ATEJBLCTBO. [lisi esoro noIoKuTeIbHOro 1M coriacHo (3.7)
. 2m . 2m oo
sin 7t _ (sin7(t + k) _ (m) o
() = () = e
I=m
— PA3JI0KeHVe B OKPECTHOCTY TOUKU ¢t = —k € Z.
Hast pysxmvm (1.1) BBuny (1.6) B okpectoocTuToukut = —k,rnek = 0, +1,...,+n,
nveem
A Ag.a— A
R(t) — k:,a k:,a 1 + .. + k,]. + 0(1)

AR Y Ptk
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u R(t) = O(1) B okpectrocTn t = —k € Z, |k| > n. CnenoBarensHo, mism < a/2u
71000r0 IeJIoro k BHIIOJHEHO

0, eciu |k| > n,
Res ((sinwt)sz(t)> _ (a—1)/2
t=—k 7r Z gm)Ak,zl+1, ecu |k| < n
l=m

[TosTomy ecim 3aMKHYTBII KOHTYP  OOXOIWT B TIOJIOXKUTETHHOM HATPABIEHAN TOYKI
0,£1,...,%£n, T0

. m (a—1)/2
1 sint 2 20M(b—1)! () =
L () pgam s S QO

2mi T = (2l+b—-1)!
(a—1)/2
_ e Cm)t(—1)! @ —1)! (m) 4
= (=1 ((2m+b Azm-+o Z L @+b—1)! Azt

(3.9)

B coorBercTBrM ¢ popmyiavu (1.11) u coorHOmEHEM (m) — 1. U3 (3.9) momyuaem
PeKypPeHTHBIEe (OPMYJIBI

(2m+b—1)! (=1)° (sinmﬁ

Aomto = QT (b= 1)1 2ni ) R(t)de

™

(a—1)/2 (2l)' (2m+b — 1)' (m)/i m=1,2 b
20+b; — e .
e Em)l @ b= 1)) )
NaiM Imt¢ N M
. n Ret
—N —iM o

Puc.

Bribepem Teneps B KaueCcTBE KOHTYPA UHTECPUPOBAHMST  TPAMOYTOJIHLHUK C BEPIN-
Havmu £N + ¢M, rne M > 0 — ¢uxkcupoBaHHas BelleCTBEHHAs OCTOsIHHAA, a N > n
nocTaTo4HO Besnko (cM. puc. 8). ITpy N — 00 Ha GOKOBBIX CTOPOHAX IPSMOYTOJILHIAKA,
BBLIIOJIHEHLI OIICHKU

M

sin 7t e

™
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nostomy misim = 1,2, ..., (a — 1)/2 umeem

. 2m
L‘ ( sin 7t ) R(t) dt
T

271

iM—N —iM+N . 2m
_ 2% (/ +/ ) (S‘“t> R(t)dt + O(N~)  npu N — oo,
T i

M+N —iM—N ™ (3-11)

rne noctosrras B O(N ~1) 3aBucut Tombko o1 M. BBuy HE4eTHOCTI HOMLIETEr PAITE-
Hoi pyHKImU B (3.11) (cM. (1.8)) ¥ CUMMETPUIHOCTH KOHTYPA  OTHOCUTENLHO 0 IocTa-
TOYHO IPOBECTY MHTETPIPOBAHNE IO OTHOM IOJIOBIHE KOHTY DA, a 33T€M yIBOUTD IIOJIY-
yeHHbI pe3ynbrar. Ilepexoms Teneps K npeneiy npu N — 00, u3 cooTHOmerui (3.10)
nostydaem TpeGyemble pekypperTHbie gpopmyust (3.8). Jlemma nokasana.

Kax cnemyer u3 nemMmsbr 3.1, acuMIOTOTAYECKOE NOBEIEHNE KOB()PUIMEHTOB JIUHEHOM
¢popmet (1.5) HAIPAMYIO CBA3AHO C ACUMITOTUKON MHTETPAJIOB

R R N AN

T JiM —oo i

(—1)bn [iMtoo /gy g 2mH0
B Ly /zM—oo< T )

T(+t + (27 + 1)n + 1)PT(¢ — n)*+b(2n)10-2r 1
y (£t+ 2r +1)n+ 1)°T'(t —n)*7°(2n) dt, m:1,2,...,a )

T(t +n+ 1)a+b ’
(3.12)

IPU 1. — 00, TJI€ MBI BOCTIOJIL30BAIUCEH GopMyInoii (2.15). Tax ke, Kak u B § 2, cuuraem,
YTO B {-IIIOCKOCTY CHEIAHBL pa3pessl (—oo, n| u [(2r + 1)n, +00).

JIEMMA 3.2 (cp. ¢ [23, §6.5]). Las awbozo yo > 0 6 obaacmu Im z > yg evnos-
HENO ACUMNIMOMUYECKOE PABEHCTNEO

logl'(z) = (z - %) log z — z + log V2 + O(lz™) +0(e™?" ™). (3.13)

JTOKA3ATEJILCTBO. AcumMnroruyeckoe cootaomenve (2.17) copaBemnuso B o0ac-
T |arg z| < ™ — , HO TOXKIECTBO

T 2ms
LT (=2) = — = , , .14
(2)F(=2) zsinmz  ze” Tt (1 —e27 ) (3:14)

MTO3BOJISIET BBLIMCATL ACUMOTOTUKY ¥ B KBampanTe Imz > 0, Rez < 0. Ilemas
B 2-IUIOCKOCTU pa3pe3 (—oo, 0] u GuKCUpys riaBHbIE 3HAYEHUs APTyMEHTa, COrJIACHO
(2.17), (3.14) B yka3aHHOM KBAIPAHTE UMEEM

log I'(z) = log(2mi) — log z + miz — log(1 — 2™ ) — logT'(—2)
1 )
= <log(27r) + mi (z + 5) — log z — log(1 — €™ ))
1
- ((—z — 5) (log z — mi) + z + log V21 + O(|z\_1)>

1 .
= (z — 5) logz — z +log V2m + O(|z| ') + log(1 — 2™ ). (3.15)
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Ocraetcs 3aMeTuTh, uTo B 06acT Im 2 > yg Bemomaeno e 2™ | g:=e 2™Y <1,
TAK UTO UL 3aBEPIIEHNS JOKA3aTeILCTBA POpMYILI (3.13) 0CTaeTCs BOCIOIb30BATHCS
B (3.15) coorromenvem |In(1 — )| < | |mma| | < ¢ ¢ HEKOTOPOH NOCTOAHHOR
3aBUCAIIEN TOJTBKO OT (.

JIEMMA 3.3. ITycmo o — noaoxwcumenvhas seuecmeennas nocmosunad. Tozoa
npu n — 00 dadg unmezpaaos (3.12) ewnoareno

B _1\bn ™ a—2rbob
( 1) (2\/_) 2 . (1+O(n—1)+0(e—27rnp,)),

n,m = n,m a2mpa—1
2de
~ 1 [iptoo a—1
m=— sin?™*® nr - e (Mg (1) dr, m=1,2,..., , (3.16)
™ 1 — 00 2

a pynrwyuu f(7),9(7) onpedeaenn pasencmaamu (2.12), (2.13) (cm. maxace same-
wanue 2.1).

JIOKA3ATEJLCTBO. /loKa3aTeslbCTBO TOJHOCTHIO MHOBTOPSIET HOKA3ATEIHCTBO
aemmbl 2.5 ¢ 3aMeHoit acuvmroTuku (2.17) Ha (3.13) mIs MHTErpUpOBAHUS IO
kOHTYpPY Imt = M = pn, u > 0.

JIEMMA 3.4. Ilycmb eewjecmaeennnd kopews 1 € (2r + 1,400) mHozousena
(2.21) ydosaemeopsem ycaosuio (2.61), a munumarvhui no abcoaommol eesuru-
ne muumul kopens 1 € (0, +ic0) — yeaosuio

1 2
| 1] < min ﬁM . (3.17)

Toz0a npu n — 00 Oas unmezpanos (3.16) swnoanerno

~ 19( 1) £C) —1
‘ n,(a— ‘: e” 1+O(n )7
(a—1)/2 & 1)|1/22a+b—1/2ﬂ-1/2n1/2 ( 1 ) (3.18)
- - —27n a—
| n,m‘ = ‘ n,(a—l)/2|'0(e > M)? m=1,2,..., 9 -1,

20€ NOCMOTHNAT 12 onpe()e/teua paseHcmeom Z,LL = 1.

JTOKA3ATENLCTBO. CoruacHo jeMMe 2.7 KOPHIO 44, = 1 MHOrousesa (2.21) orse-
vaer A = a + b — 1 B ypaBaernvm (2.22).
Bocnonb3yemcst paBencTBOM

eTiNT _ o—minT 2m+b
sin?™ b T = -
21
+b—1
—1)(atb)/2 . a ' .
_ m( 2a)+b_1i e—vm(a—{—b—l)nT + Z hm’lze—wz(a—{—b—Ql—l)nT’
=1
a—1
m=12 ...

I 2 7
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roe

a—1
1, ecrmm = ,
m = 2
0 wmaue,
ahmi,m=1,...,(a—-1)/2,1 = 1,...,a + b — 1, — HEKOTODBIE BEIIECTBEHHLIE

KOO ((UIIEHTEL, 1 3amvineM uHTerpast (3.16) B Bune

-~ _1 (a+b)/2 1 a+b—1
=1 (3.19)
a—1
=1,2,...
m ) ) ) 2 9

rne

tpu+o00 .
Tk = / UM =kmiT) gy dr k=0,%1,...,+(@@+b—1).  (3.20)

u—00

W3zyunmv cHagana aCMMIOTOTUKY MHTerpafta Jy q4+b—1. JIsa sToro samermM, 4to
Iy Th MHTEPUPOBAHIS IIPOXOINUT UY€Pe3 TOUKY HEPEBAJA | = 4, U JOKAIKEM, YTO TOUKA,
z = 0 aBIIsgeTCA MAKCUMYyMOM (YHKIINA

f(@) =Re(f(r) — (a+b— 1)mir)| (3.21)

T=x+1iu’

Nmveem

f'(2) = Re(f'(r) = (a +b - 1)mi) =Re f'(z +ip)

T=x+iu

U, 3HAYUNUT, €[IMHCTBEHHLIMY KAHIUAATAMIA B TOUKYM MakcuMmyMa Qyskrmu (3.21), kpome
x = 0, sBasorea ¢ = +xq, TOe To + 444 — Ta TOUYKa Mepecedenns ayda T = I + iy,
z > 0, ¢ kpusoii Re f/(7) = 0 B obmact Re 7 > 0 (cm. puc. 4), B xoropoii Re f/(7)
MeHsIeT 3HaK ¢ + Ha — (ecsu TakoBas cymectsyer). C Ipyroii cTOpOHLI,

f(r)—(a+b—1)mit = fo(r) + f'(7)7 — (a+ b — 1)mir

st pyekmmn fo(7), onpenesnernnoii B (2.48); mosTomy

f(&x0) = f(wo) = Re fo(wo +ip) — pIm f'(wo +ip) + (a+b— )mp
<Re fo(p1) +(a+b—1)mp (3.22)

coraacuo semme 2.10 m mepasencty Im f/(zo+ip) > 0. Jlist oneHKY CBEPXy BEJIMUMHBL
Re fo(p1) BOCIOMB3yEeMCs HEPABEHCTBOM

r(r+1)
wtl<u <wr+1+2, =_VT 3.23
N 6(2r + 1) (3.23)

BurTekatonmM u3 (2.61). Torma

Re fo(p1) < b(2r+1)log((2r+1+ ) )—(a+b)log((r+1)r) < —(a—2rb) log(r?+r),
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nockoyeky (2r + 1+ ) < r(r + 1) cormacuo (3.23). IIponomkas onerxy (3.22) u
MOJIBL3YSCH HepaBeHCTBOM (3.17), momyumm

f(£x0) (a —2rb) log(r® +7) + (a+ b)7p

< J—
< —(a—2rb) log(r2 +7)+ (a+b) log(r2 +7)
=b(2r + 1) log(r® +r). (3.24)

Teneps, 4TOGHI OneHNTH 3HadUeHre f(0) CHU3Y, IPYMEHNM HEPABEHCTBA
ip+ 2r+1)>2r+1, |ip+l|<|[iV3E1]=2.
Torma
£(0) = Re fo(ip) > 2(a — 2rb) log2 + 2b(2r + 1) log(2r + 1) — 2(a + b) log 2
=2b(2r + 1) log (r + %) > b(2r + 1) log(r? + 7). (3.25)
Cpasnusas onerku (3.24), (3.25), noygaem, uro f(0) > f(£xg), Tax uro Touka me-
peBaJia T = iy NeACTBUTEIHLHO ABJIsIeTCA MakcuMyMoM Gyrkrmu Re (f (7)—(a+b—1)miT)

Ha KoHType Im7 = pu. IlosTomy mmTerpas J, q4p—1 PaBeH BKJaly TOYKM IepeBa-
Mty = 1:

(27‘—)1/29( 1) n —(a+b—1)me —
Imato-1 = (1) [1/2n172¢ (FC=letb=m (1 4+ 0(n ™)

— (27T)1/29( 1) e ) -
O REEE (1+0(n™1)), (3.26)

1 aHaJIOTUYHAA OICHKa, CIPaBEIJIVNBA, IJIA UHTET PDaJia OT MOOYJIA HOIIBIHTGI"pH.JIbHOfI (pyH—
KO

ipu~+00 ) rir o1 1/2 g 3
/w_oo [ent (M= (atb=)min)g ()] dr = |J(f,,<)1>|1|/§n11)/'2e“ FEa+om™).
(3.27)

s warerpanos (3.20) ¢ k < a + b — 1 Bocnonb3yemcst Ha KOHTYpe Im7 = o
COOTHOIIEHIEM

|en(f(7')—k7ri7')g(7_)| — ‘en(f('r)—(a—l—b—l)ﬂ'i'/')g(,r)| . e—(a—l—b—l—k:)nu’

oTKyzna B coorBercTBuu ¢ (3.27), (3.26)
Jnil < e@tb=t=Rnu g o ql, k=0,%+1,...,4(a+b—1), (3.28)

C HEKOTODO# nocTosiHHOM > 0, He 3aBucsmieit ot n, k. (Hepaserncrso (3.28) noryuaer-
CS1 TIPY MHTETPUPOBAHUN BIOJIb> KOHEYHOTO OTPE3Ka, CKaxkeM [ip — 1, iy + 1], mockoIbKy
BKJIA,JI MHTErPAJIa 10 OCTABIIEHC OECKOHEUHON YaCTU SKCIIOHEHIMAILHO MAJI IO CPaB-
HEHUIO ¢ BKJIAIOM TOUKM %/i.) [loncrasisis Teneps nosyderssie onenku (3.26), (3.28) B
pasercTBa (3.19), momyuaem (3.18). Jlemma mokazana.
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PEINJIO EHUE 3.2. Ilycmb a,b,r — yeavie nosoncumensvuse wucaa, a,b He-
wemmbl, a > 2rb, u eewecmeennnd xKopens p1 € (2r + 1, 4+00) muozouaena (2.21)
ydosaemaopsem ycaosuio (2.61), a mMunumarvuoid no abcoatomuol seauvune MHU-
muiii kopens 1 € (0, +ioc) — yeaosuio (3.17). Tozda 0as Koafduyuenmos Ag au-
netnnz gopm (1.5) cnpasedauea acumnmomuseckas Gopmyaa

1._ 10g‘AS‘ <l 22((1—27'6)‘ 1 + 2y + 1|b(2r—|—1)| — Lo+ 1|b(2r—|—1)

ni>moo n g | 1+1|a+b| 1_1|a+b , (329)
2des=0wuaus=b+1,...,a+b—1 neuemno, npuvem 6 caywae s =a+b—1

sepamuﬁ npe()e/b MONCHO 3AMEHUMD KA 00BLYHBLT U HEPABEHCINBO — HA PABEHCINBO.

ITOKA3ATENLCTBO. IIpenensHOoe cooTHOmEHME

. log[Ag b1
AT T Ref(y)
BeITeKaeT u3 ¢popmyist (3.8) mpu m = (a — 1)/2, nemm 3.3 u 3.4. Jlns ocTanbHBIX

HeYeTHBIX S, b < § < a+ b — 1, onenku (3.29) caenyror u3 nemm 3.1, 3.3, 3.4. B ciyuae
s = 0 cormacuo (1.5) mveem

Aol < ITI+ D> |Adli(s),

b<s<a-+b

OTKYIa ~
__ log|d
fim 0810l i tRe fo(ro), Re fol 1)), (3.30)

n—oo n

TIIle KOPeHb To MHOrOWIeHa (2.21) onpenener B npemnoxkernnn 2.3. [lo memme 2.10 BeI-
noseeHo Re fo(70) < Re fo(u1), a sepaserctso Re fo(p1) < Re fo( 1) (u maxke Gomee
cuibHOE) OBIIO noka3aHo B eMmMe 3.4. Ilosromy MakcuMywM B ipaBoit wactu (3.30) pa-
Ber Re fo( 1). IIpemoxkerue noka3zaso.

3AMEYAHUE 3.1. Ouenku (3.29) CTOJb HE3HAUUTENHHO YIIydIIAIOT OmeHKu (3.1),
YTO B MPUJIOKEHUAX K M0Ka3aTebcTBY TeopeM 0.3, 0.4 MbI ux He ucnosabzyeMm. OmHako
TOT (aKT, UTO ACUMITOTUKA KaK JUHEHHBIX (OPM, TaK U UX KO3 (PUIMEHTOB OIpere-
JSETCsA 3HAUEHUSIMU OIHOMN U Tol ke Gyurimu Re fo(7) Ha pasHbIX KOPHAX OIHOrO U
TOro e MHOrouseHa (2.21), ABJIseTCst 03K IAEMBIM 1 OTPAYKAET €CTECTBEHHY IO IPUPO-
ny Bemeii. (B ciyuae 4eTHOro a aCUMITOTUKA KOS ()GUIMEHTOB JuHeHHbX dopm (1.5)
onpenessercs KopeeM o = 0 MEOrounena (2.21) cormacuo npemroxeruio 3.1.)

§ . TOYHEHHBIE ONEHKM HAMEHATEJIEU JMHENHLIX POpM

AcnmvmroTyka 3HaMeHaTe el uHeAHEBX popM (1.2) mpu n — 00, HOJIyYeHHAS B JIEM-
Me 1.4, rpyboBaTa, XOTs ee XBaTaeT MJIS T0OKA3aTEILCTBA TeopeMbl PuBoasis. ¥Yroume-
HI€ 3HAMEHATEJIEH ONMPAeTCs Ha ClIemyolree 0000menre jeMMbr 1.2.

JIEMMA 4.1. ITyemy das nexomopozo mmozousena P(t), deg P(t) < m(n + 1),
DAYUOHANBHAT PYNKYUT

) P(1)
Rle) = (E+s)t+s+1)---(t+s+n)"



86 B.B. 3YIMJINH

(6 He 0b6A3aMEABHO HECOKPAMUMOM NPEICTNABAEHUL) YOOBALMEOPAEM YCAOBUAM

D} dJ m
— —.(R(t)(t + k) ) €,
gt d t=—k (4.1)
k=s,s+1,...,84+n, j53=0,1,...,m—1,
20e D, — naumenvuwee obuee xpamuoe wucea 1,2,...,n. Tozda das ecexr yeavx
HEOMPUYAMEADHBLL ] BHNOANEHO
D} dJ

€, k=s,s+1,...,8+n. (4.2)

T EOe )

]

JTOKA3ATEJILCTBO. [las menwix j = 0,1,...,m — 1 Britouenus (4.2) BEITEKAIOT
HenocpencTserHo u3 (4.1). [TosTomy nasnee paccmaTpuBaeM nesoe j = m.
Paznoxenue pammonasbHoi Gpyskmvm R(t) Ha npocrTeiimme n1potu mmveeT BUI

s+n
Bio Bia Bim—2 | Bim-1
R(t) = - : : : 4.3
®) Z;((Hz)m*(tﬂ)m—l* Y)Y ) (4.3)
e
1 d .
k,j:ﬁ@(R(t)(t—l—k)m) L k=ss+1,...,8+n, j=0,1,...,m—1.

CoracHo nuHeiHOCTY Onepaimu (e PEeHIMPOBAHIL, IPENCTaBIeHnO (4.3) 1 BKIIO-
yernsiM (4.1) J0CTATOUHO IOKA3ATE, UTO

Di= dJ 1
gl dtd <( TR (t+10m- )t:_k €% (4.4)
=0,1,...,m—1, k,1=0,+1,...,+n.
Nmeem
m 1 (D= & t+0)m" (k)
(t+k) t+0Hm= (+l)m z_%( 2 ( ) (t+1)m—
<p> T
=0,1,....,m—1, k1=0,%1,...,+n,
OTKyIa IJIS IIEJIOTO j = M
1 &/ m 1
i ()|
i m\ ( — —p—1)---( —p—j+1
:(Z(_l) (p)( p( —p )j! (—p—j+1)

x(I—k) (t+1) ~ —J’)

t=—k
m

1 - (T - )j
U=k 2::0(_1) H(p)(p = 49

J!
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Bcayvael # ku _

1 d? 1
—— |+ k)" | =
g! dtd <( k) (t+l)m—> 0

B cayuae | = k. [Tockonbky

Dj— — ).

7€Z u (m)uez’
(I — k)’ p/)

=0,1,....m—1, p=0,1,....m, k,01=0,%£1,...,4n, k#I,

u3 cootHomeHwit (4.5) BerrekaroT BKitouerus (4.4). Jlemma nokasasa.

Crenyrommee yTBepK IeHNE, TPEIBAPSIONIEE N3I0KEHIE OOIIEro CIyvas, YCUIUBAET
Brutouenus (1.17).

JIEMMA 4.2, 6o3navum vwepes = p p;m MHONCECTBO NPOCMBLL YUCEA, OEAA-
WUT Kancooe U3 “ucen

(m+ 2n+ k)!
(m =+ k) (nt k)2’

Bro= (Ft)(t+k)?)|,__, = k=0,41,...,4n,

20e pynryusg F(t) onpedenena 6 (1.15). Horoxcum

= n,m = D- (46)
m+3n< <2n

Toz0a 0rst 8CET UEABLE HEOMPUYAMEALHBL | BBLNOAHENO

, D &I )
L2 (F(t)(t+ k)?) €Z, k=0,£1,...,4n. (4.7)
gl dw ——k
IIOKABATENLCTBO. Tor dakt, uto ~'Bgo € Z, k = 0,+1,...,+n (Brmoue-
mus (4.7) mpu j = 0), ciemyeT U3 ONpenesieHrsi MHOXKECTBa U umcia . lIpoBepum
BrutoueHus (4.7) opu j = 1. Vmeem
d 2
By = S (PO @+ 1)
¢ t=—k
m+2n 1 n
=B
o 2 le)
l=m+1 l=—n t=—k

T2k
: I~k l+ k ! PEh
l=m+1 :7&— (48)

Cornacro nemme 1.3 Bomomserno Do, By 1 € Z, k = 0,%1,...,4n, Tak 9T0 114 p,
B3aMMHO TTPOCTBIX C  , IMEEM

ord ( "'Dy,Bg1) = ord (D2,Bg1) > 0. (4.9)
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IIycTs Temeps npocToe p neauT U, 3HAYUT,
ord = 1. (4.10)

Husip > v/m + 3nummeemord (I+k) < 1, rne (I+k) — n060it u3 3HamernaTeneir B (4.8);
02 TOMY

m-+2n 1 1 n 1
IS S P - > —0,+1,...,+n. (4.11
ot Y ()2 Y > 1, k=041, %0 (411)

I=m+1 - t + k l=—n -
l#k
st p < 2n BLIIOJIHEHO
ord Dy, > 1; (4.12)
HAKOHEI, IJIA P €
ord Bro>1, k=0,%1,..., +n (4.13)

Cobupas onerku (4.10)—(4.13), ¢ yuerom (4.8) B cirydae p, NEJIAMEr0 , HOIYyYaeM

ord ( "'DypBg1) = 0. (4.14)
Cornacuo (4.9) u (4.14) smomnrero D9, Br1 € Z, k = 0,+1,...,4n, aro no-
ka3bBaeT Bkirouenus (4.7) npu j = 1. B caygae j > 2 ocTaercst BOCHOIB30BATHCSA

aevmvoii 4.1 ¢cm = 2.

OrMeruM, UTO B YCIOBUSX JIEMMbI 4.2 mIist 1F0060ro IpocToro p > v/ m + 3n umeem

2 k k k
ord Byo= DIl Mo oy MR 0,41, 4, (4.15)
p p p p P
IOCKOJIBKY
ord !'= - + 5 + — +---, =1,2,..., 4.16
p P p® (410)
roe - 0003HAYAET HENyo JacTh umcia. Popmyisr (4.15) HO3BOIAIOT BEUUCIATE

ACUMIITOTUKY MHOXKUTEIs (4.6) Ipm 1, . — 00, TaK Kak

{pe :p>vm+3n}= p>\/m—|—3n:k Ozrl:nlin . {ord Bgo}>1 . (4.17)
= n

k) b b

B kauecTBe mpuMepa pacCMOTPUM CaMy 0 IPOCTY 10 Bepcuto Gpyrkmwm (1.15) mpum = n.

JIEMMA 4.3. Cnpasedauso npedeavHoe COOMHOULEHUE

. log non 1 1 5
= 1 - = -] — — 1) — -] —1~0.482 4.1
1= 0% n (2) (3) - M <6> 0.4820,  (4.18)

2de () =T"(z)/I'(x) — aozapufmuveckas npoussooHas 2amma-PYHKYUL.
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3 -1 0
2 0
1 1 3 -3
0 2 0
0 1 2 1 0 1 2 1 0 1
3 3 3 3
Puc. . mavemws¢yskmmit 3 + , 3 — u-3( + + — )
BHYTDU €IUHIYHOI'O KBAAPATA
0 4
1 2 3
3 1
2 4 0 2
3 1 3 1
2
0 4
0 111 1 23_ 1
3 2 3
Puc.1 . ©BaveHus pyskmm 1( , ) BHYTPH €IMHMYHOTO KBALPATA

JTOKA3ATEJNBLCTBO. Coruacuo (4.15) B ciiyuae m = nup > 2,/n meem

n k
i d B = i - — 4.19
o B L (ot Broh = min 1 (50, (419
r.e
1(z,y)= 3z4+y + 3z—y -3 z+y —3xz—vy . (4.20)

Kak mecmoxkuo 3ameruth, dpysxmus (4.20) nepromrura (¢ mepromoM 1) mo KaxkaoMmy
apryMeHTy:

1@,y) = 1({z}{y}), {z}=2- o

IO05TOMY OOCTATOYHO BbIYMUCI/IATH 3HAYCHUS 9TOMI (i)yI{KII[/H/I BHYTPpU €OIVMHUYHOI'O KBa -
para. COrIIacHO OIpPENEIIeHNIO MeJIOl YaCTH YICIa CIaraeMble B mpaBoii gactu (4.20)
MEHSAIOT 3HAYEHUS TOJILKO IIPU MEPEX0Ie yepe3 npsiMbie 3 + y = const € Zuzx +y =
const € Z (cM. puc. 9), oTKyna moxydyaem 3aadenus pyakmm 1 (x,y) (puc. 10).

ITpoBenem nepreE MK yIIsipbl K OCUA L YePe3 TOUKY MePeCeUeHs TPSMbIX, YKA3aHHBIX
Ha puc. 10. Torma

! (s} € = 1) u 2

, eciau {z = -, = -, 1},
min 1(z,y) = min ({z},y) = ! 32 6
lyl<z 0<y<1 0 vmade.

(4.21)
Cornacnro (4.17) u (4.19) u3 (4.21) cnenyer, uro

n
{p€ nnip>2yn}t= p>2yn: p € 1
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", CJI€e10BaTEJILHO,

n,n — b=
n/ n/
2 n< £2n 2 n
1
1
1
1
_> — —
1 1
1
1

B.B. 3YIMJINH

=









=

[=

=

=

[

11









11

11

11



Re

Re




11






11




—_







