RAMANUJAN AND ODD ZETA VALUES

WADIM ZUDILIN

Ramanujan’s vision of numbers was not directly linked with their arithmetic prop-
erties, so he never used the words “irrational” and “transcendental.” Ramanujan
thought about numbers from an analytical or—as we would word these days—
computational perspective. He had a particular interest in efficient formulas for
calculating some attractive mathematical quantities; m was his obvious favourite
but the values of Riemann’s zeta function
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at integers s = 2,3,... did not escape his attention as well. Ramanujan clearly

discovered on his own Euler’s famous formula
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relating the even zeta values to the (rational) Bernoulli numbers. In a sharp contrast
to this, no closed formula for any of the odd zeta values ((2k+1) for £ > 1 is known;
even the irrationality of the numbers remains open, with the sole exception of ((3) —
this arithmetic result of Apéry (1978) stunned the mathematical world.

Below, in three parts, we highlight two concrete instances of Ramanujan’s work
involving odd zeta values, the instances that have had a tremendous impact on the
theory of irrational and transcendental numbers.

where £ =1,2,...,

1. APERY’S THEOREM

Ramanujan’s notebooks reveal to us many examples of (irregular) continued frac-
tions [5] including the following one for the Hurwitz zeta function at s = 3 [3, Entry
32 (iii), p. 153]:
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valid for Rex > —1/2, where P(n,z) = n®> + (n + 1)> + (4n + 2)z(x + 1). The
discussion of this entry by Berndt in the second volume of Ramanujan’s notebooks
[3] was done ten years after Apéry had smashed the mathematics community by
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his proof of the irrationality of ((3) (see [I5]). Berndt has noted a striking connec-
tion between Apéry’s approximations to the constant and the convergents to the
continued fraction when x = 1. Shortly after that, F. Apéry [I] in a biographical
note on his father R. Apéry stated that the construction in [2] was motivated from
a “number table due to Ramanujan.” This provides a sufficient ground to specu-
late about the actual involvement of Ramanujan in Apéry’s proof. In the note [16],
Rajkumar analyzes Apéry’s method and concludes that the constructions in [2] are
indeed based on Ramanujan’s continued fraction ([1)).

No similar formula for another odd zeta value was given by Ramanujan. No
formula of this type suitable for an irrationality proof of ((5) was ever discovered.
But a development of the story after Apéry’s discovery has finally led to some
partial irrationality results for the odd zeta values. The reader is advised to follow
the review [§] for an excellent account of this and, maybe, even to learn from [20]
how to prove that at least one of {(5),{(7),...,{(s) is irrational for some odd s, by
entirely elementary means.

2. RAMANUJAN POLYNOMIALS

In Ramanujan’s notebooks, we find the following remarkable formula involving
the odd zeta values [I8, p. 173, Ch. 14, Entry 21 (i)], [19, pp. 319-320, formula (28)],
13l pp. 275-276]: For , 3 > 0 with a8 = 72 and k € Z, k > 0,
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where, as before, By, are the Bernoulli numbers.

A rigorous proof of Ramanujan’s formula together with a generalization were given
by Grosswald [9] in 1970, and it is convenient to cast Ramanujan’s formula in
the Eisenstein-series resembling form.

Theorem 1. Set, for Imz > 0,
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n=1 dln
and define the reciprocal Ramanujan polynomial
k+1
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Then
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The function Fyyy1(2) is an example of an Eichler integral, and the above formula
relates the values of two Eichler integrals to ((2k + 1) through the Ramanujan
polynomial. In particular, zeros of Rgx.1(2) that lie in the upper half-plane and
that are not (2k)th roots of unity give one a formula for ((2k + 1) in terms of the
Eichler integrals.

Theorem 2 (Ram Murty-Smyth-Wang (2011) [17]). For each k > 4, there exists
at least one algebraic number o with Ima > 0, || = 1 and o** # 1 such that
Rop41(a) = 0 and hence

C2k+1) _ Fanpa(@) — a® Foppa(—1/0)
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In other words, there exists an explicit formula for the Riemann zeta function at
odd arguments 2k + 1 > 9 in terms of the difference of two Eichler integrals. On
the other hand,

Theorem 3 (Gun—-Ram Murty-Rath (2011) [10]). The set

Fopia(2) = 2 Fopa(=1/2)
2%k — 1

contains at most one algebraic number.

:Imz>0, 2€Q, 22’“7&1}

The Ramanujan polynomials are essential parts of the period polynomials for the
classical Eisenstein series, and the distribution of their zeros is naturally linked to
what is now called the Riemann Hypothesis for period polynomials [IT]. The story
above about the Ramanujan polynomials also motivated other mathematicians to
consider similar polynomial families. The authors in [13] introduce five such related
families, in which polynomials have coefficients which involve Bernoulli and Euler
numbers, as well as odd zeta values. By applying theorems on polynomials due to
Lakatos (2002), Schinzel (2005), and Lakatos and Losonczi (2009), as well as some
inequalities for Bernoulli and Euler numbers, they have managed to show that in
four of these families the polynomials have all their nontrivial zeros on the unit
circle; the same result for the fifth family,

(27T)2k—1 k
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was settled in the later work [14].

3. GENERALIZED LAMBERT SERIES

Ramanujan’s formula can be proved in several ways [4], and one of these
approaches makes use of the connection with a Lambert series,

o0 _
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the parameters N and h being integral, for N = 1 and a transformation of the latter.
The Lambert series in its generality was recorded by Ramanujan on p. 332 of his
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Lost Notebook [19], however without a single hint at its possible transformations.
This theme was first exploited by Kanemitsu, Tanigawa and Yoshimoto [12], where
they proved a transformation in the case 0 < h < N/2, but it does not really settle
the formula . The fact that this approach works without any restriction on the
integral parameters N and h is substantiated in the recent work [7] of Dixit and
Maji (see also the followup [0]).

Without attempting to give a review of the results in the papers [0} [7, [12] we in-
dicate a particular generalization of , which can serve as a reasonable illustration
to this production.

Theorem 4 (Dixit—-Maji (2017) [7]). Let N be an odd positive integer and o, 5 > 0
such that a8 = 7Nt Then for any non-zero integer m,
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